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ON ONE EXACT AND PERIODIC SOLUTION OF A
NONLINEAR ELECTRODYNAMICS PROBLEM FOR
FERROMAGNETIC AND SEGNETOELECTRIC MEDIA

SAIDALIEV H.P.

ABSTRACT. The article considers exact and periodic solutions of nonlinear
electrodynamics problems for ferromagnetic and ferroelectric media. The
method of decomposition by Jacobi elliptic functions is used to obtain solu-
tions. The solutions to the problems are found using sn £ — sine amplitude,
cn & — cosine amplitude, and dn £ — delta amplitude of the Jacobi function.

The foundations of the theory in electrodynamics were laid as early as in the
works of L. Boltzmann, V. Volterra, D. Maxwell, and F. Voigt. Further develop-
ments in linear theory of electromagnetoelasticity belong to Yu. A. Mitropolsky,
A. A. Berezovsky, Zh. L. Lyons, and their students: M. I. Razovsky, A.N. Filatov,
I. K. Kurbanov, and others. The main published works in this area are qualitative
studies of boundary value problems in electrodynamics and electromagnetoelastic-
ity. In the works of I.K. Kurbanov and his students, some studies were carried out
for the problems under consideration, and results were obtained on the existence
and uniqueness of solutions to the problems posed. Studies of exact and periodic
solutions to problems of electrodynamics and electromagnetoelasticity are devoted
to works [1]-[6]. The present work is devoted to obtaining exact solutions in this
area using special functions. To calculate the derivatives of the desired functions,
formulas from the theory of elliptic functions are used [2].

On the plane of variables x,¢ we consider a system of the form
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_—— = M + J([_])7
ox ot 0.1)
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or ot ’
with defining equations
OPH ~0*E
2 _ _ 772 oL
D(B)=aB?, J(H)=B1, BUEH) = +555.  (02)

where «, 3, i, B are constants.
From system (1) with the help of defining equations (2), we come to the system
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In work [5], the system of equations (3) was considered with one quasi-linear
equation. In this work, we will seek exact free wave solutions for the system
of third-order quasi-linear equations of the form (3). To do this, using variable
substitutions for the functions E and H from the variables x,t we move to the
variable £ = k(x — ct), where k and ¢ are wave numbers, i.e.

E(z,t) = E(§), H(z,t) = H(§). (0.4)

From here, using (4) from system (3), we obtain the ordinary system of differ-
ential equations

dH dE BH
- ackE == 2 —
s s + Bk e =0,
. (0.5)
dE dH BE
—2ucH —— — Bek?—— =
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where a, ¢, 3, E, 1, k are constant numbers.
We will find the solution to system (5) using the sine amplitude sn¢ of the
Jacobi function of the form

E = agp + ay sn’¢, H = by + by sn?¢, (0.6)

where ag, ay, bg, b1 are unknown coefficients. A similar method was used in [6]
to obtain a solution for the Korteweg—de Vries equation.

Theorem 1. Let all coefficients of the system of differential equations (5) be
non-zero constants. Then the problem (1)-(3) has an exact periodic solution using
sné.

Proof: Substituting (6) into the system of ordinary equations (5) and setting
the coefficients at the odd powers of the function sn ¢ to zero, we obtain
(1 — 4Bk*(m?* + 1))b1 — 2acaga; = 0,
— aca? + 68k*m?b; = 0,
_ (0.7)
(1 —4Bck?*(m® + 1))ar — 2ucboby = 0,
pch? + 68ck*m2a; = 0.

Next, solving the system of algebraic equations (7), we determine the unknown
coefficients (6) in the form
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—(1 = 4Bk*(m? + 1)) 4/ Bac ] BB
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Substituting (8) into (6), we obtain an exact periodic solution to problem (1)
(3) using the Jacobi function sn&.

6k>m?

ag =

(0.8)

—(1—4Bk2(m% +1)) 4 23
E(z,t) = ( Qaim ) O';Cﬂﬁ 6k>m uich sn’(k(z — ct)),
N BA1.2(002
Ho,t) = TR 4D) f B oo 20/ PO ik sn¥(k(z — ct)).
2uc acB 12 ac

(0.9)
Now we seek a solution to problem (1)—(3) using the cosine amplitude en & of
the Jacobi function of the form

F = ag + a; en’¢, H = by + by cn¢, (0.10)

where ag, aq, bg, b1 are unknown constants.

Theorem 2. Let all coefficients of the system of differential equations (5) be
non-zero constants. Then problem (1)-(3) has an exact periodic solution using
cn € Jacobi functions.

Proof. Substituting (10) into the system of ordinary differential equations (5)
and setting the coefficients with the same degrees cn £ equal to zero, we obtain a
system of algebraic equations

— 2by + dacagay + 8Bk*(1 — 2m?)by = 0,
4aca% + 248k*m?b, = 0,

_ (0.11)
— ay + 2uchoby — 4Bck?*(1 — 2m?)a; = 0,
pch? — 24Bck2m2a1 =0.
From (11) we determine the unknown constants (10)
1—4Bk*(1 -2 2 sl BB
apg = 6 m ¥ OéC ay = 6k2 66
—2ac J1%6]
(0.12)
—1+ 48ck>(1 — 2m? s B2
by = 2 BRI =2mT) JuB gl B8
—2uc acf acly
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From this, we obtain the following exact periodic solution of the problem (1)—(3)
using the Jacobi cn & function.

1 —4Bk%(1 — 2m?) Jac 9 9 9
E(z,t) = Y \l— =% Mﬂ a202 6k*m* cn®(k(z — ct)),
1+ 4Bck?(1 -2
H(z,t)= + 4e m* 1 / — 6k*m H cn k(z — ct))
—2uc

Similarly, we will seek a solution to problems ) using the delta amplitude
dn & of the Jacobi function in the form

(0.13)

E = ag + a1 dn?¢, H = by + by dn¢. (0.14)
Proceeding as above, we find the following exact periodic solution to prob-
lem (1)—(3) using the Jacobian function dn ¢

_ 2 _
E(z,t) = L— 4Bk (m? — 2) ﬁac + 6k2{ Bp* dn®(k(z — ct))
—2ac pa?c?
(0.15)
2 _
H(z,t) = 1+ 4Bek?(m” - 2) _ari] 28 dn’(
—2pc [3(10 pac

In this part of the article, we consider the following problem, which is similar
to the one discussed above but with stronger nonlinearity.
On the plane of variables x, t, we consider a system of the form

_2H _(D(E))

t
O ? (0.16)
W OB _9(B(H))
or at
where «a, g are constant numbers, with defining equations
0°E
D(E) =¢oE?, J(E)=00F+——,
0x20t
(0.17)
B(H)=pH?>+ 7 OE
— T M ar

where oy, €9, 11, I are permanent.
From system (16) with the help of defining equations (17), we come to the
system

OH ,OF 3H
~Ogy TS G tooE g agy 01
o OE _ O O°F |
9r ot Moo
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The resulting system consists of two nonlinear equations of the third order.
We can say that the first equation of the system is nonlinear, while the second is
quasi-linear. We will seek exact free wave solutions for the system of nonlinear
third-order equations (18). For this system, we also use variable substitution for
the functions E and H from the variables z, ¢ to the variable £ = k(x — ct), where
k and ¢ denote wave numbers and velocities, respectively, i.e.

E(z,t) = E(§), H(z,t) = H(§). (0.19)

From here, using (19) from system (18), we arrive at a nonlinear ordinary system
of third order of the form

dH LdE ., dH
Oédig — 3CEOE Tf —ck UOET@ = 0,
) (0.20)
dE dH &’
= 9oucH=—=— — 7 2120 — —
e i@ e i nck T 0,

where «, ¢, ag, [, 14, k, €9, 0¢ are constant numbers.
For system (20), we will seek solutions using Jacobi elliptic functions sn&—
sine amplitude, c¢n & — cosine amplitude, and dn £ — delta amplitude.

Theorem 3. Let all coefficients of the system of equations (20) be non-zero
constants.

Then the problem (16)-(18) has an exact periodic solution using the sn € — sine
amplitude of the Jacobi function only in the case o = 0.

Proof. For the system of equations (20), based on the method of decomposition
into Jacobi elliptic functions, we will seek the solution using a finite series of the
form

E(&) = ag + ap sn?¢, H (&) = by + by sn?¢, (0.21)
where ag, a1, bg, by are as yet unknown coefficients.

Thus, we substitute (21) into the ordinary nonlinear system of differential equa-
tions (20) and perform certain procedures, obtaining an overdetermined algebraic
system of the following form

ab; — 3c€0aga1 + 4ck*o0(m? + 1)aga; = 0,

— 6egpagai — dck?oq (3m*agar; — (m? + 1)ai) =0,

— 3cggad — 12ck?ogm?a? = 0, (0.22)
aoay — 2ucboby + 4fc?k* (m? + 1)by = 0,

— 2uch? — 127ic*k*m?by = 0.

From there, solving the redefinite system of nonlinear algebraic equations (22),
we find the unknown coefficients (21) in the form
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1 [4k200(m2 1), \/42k4ag(m2 +1)? , 2ia

“0=3 3eo0 32el poo |’
4k?>m? 1 |2 -
ay = _ﬂy bO = 5 |: MEOO@ + 4/1C2k'2(m2 + 1):| ) (023)
o 2uc | 3uceo
6k>m?2jic
by = —
"

Solution (23) satisfies (22) under the following conditions p # 0, ¢ # 0, © #
0, 0 #0, a =0, g9 # 0, then we obtain the solution of system (20) in the form

1 | 4k%0¢(m? +1) 42k402(m2 +1)2  2n« 4k*m2oy
E() == + u L) A
(©) 2 l 3eo 32e2 + 1o €0 8y
1 [2po00p ~ 9.9, 9 6k2m2lc
H()=— — 4dpuck | — ——
(O = g | 52020 4 4 m + 1) sn%¢

(0.24)

at:u?é07 0#07 ﬁ#ov EO#Oa a=0, 0-07&0'
Now we move on to the initial changes and obtain the solution to problem
(16)—(18) in the form

E(a,t) = E(k(x — ct) = - {‘M”HU

2 380
£2k%02(m2 +1)2  2n« 4k*m2aq 4
Zl:\/ 325(2) E — T SN (k(x — Ct)),
(0.25)
1 [2uogag ~ 9,9, 9
H(x,t) = H(k(x —ct)) = — — 4nck 1
(000) = H (o c0) = 5 | 200 4 i+ 1)

k2 27
_ GkTm e sn*(k(z — ct)).
provided that p #£0, ¢#0, g #0, g9 #0, a =0, o9 # 0.
Now we seek the solution to the substituted problem (16)—(17) using the Jacobi
elliptic function decomposition method with the cosine amplitude cn &.

Theorem 4. Let all coefficients of the system (20) be non-zero constants.
Then the problem (16)-(17) and the system (20) have an exact periodic solution
using cn & Jacobi only in the case a = 0.

Proof. As above, to obtain a solution using the cosine amplitude cn £, we seek
a solution in the form of finite series

E(€) = ag + a; en?€, H (&) = by + by en?¢, (0.26)
where ag, aq, bg, b1 are unknown constants.
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And so, we substitute (26) into the ordinary nonlinear system of differential
equations (20) and perform some simple transformations, equating the coefficients
with the same degrees of the cosine amplitude function cn £ to zero, we obtain an
ordinary overdetermined algebraic system of the following form

—ab; + 3c€0aga1 —4ck?o0(1 — 2m?)aga; = 0,

6cepapal — ko (12m2a0a1 —4(1 - 2m2)a%) =0,

3cegal — 12ck?oom?al = 0, (0.27)
— apay + 2ucboby — 4ﬁc2k2(1 — 2m2)b1 =0,

2uch? — 12[ic*k*m?b; = 0.

From there, we find solutions to the redefined system of nonlinear algebraic
equations (27) in the form

o % [4&;200(1 —2m?) | \/42k4ag(1 —2m?)? | djia 1

3e0 RE o0
4k?m? 1 12 -
a1 = =0 by = 5 | 00 4zt kR (1 - 2m?)| (0.28)
€0 2uc | 3uceg
6k%>m?2fic
by =
W

Thus, using (28), we determine the solution of the system of equations (20) in
the form

1 | 4k200(1 — 2m? 42k402(1 — 2m2)? 21 4k>m?
E(g) _ UO( m ) + UO( 5 m ) 4 e 4 m-og Cn2£,
2 3e0 32ed 1O €0
1 ]2 . 6k2m2 L
H(E) = — [2H9090 | ynek?(1 — 2m?) | + — 2 HC o2,
2pce | 3pceg jz
(0.29)

Now let us move on to the initial changes and obtain the solution to prob-
lem (16)—(18) using the cosine amplitude c¢n & in the form
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E(,1) = E(k(x — ct)) = + [4’”00—27”)

2 360
A2k452(1 — 2m2)2 27 4k2m?
+ alt 5 m?) e oo en®(k(z — ct)),
32 Lo €0
(0.30)
1 |2pooap ~ 9,9 9
H(z,t)=H(k(x —ct)) = — — dpck (1 —2

(020) = H (b = ) = 51 | 22000 4 472 (1 = 20

2,27
+ Bk™m”pic en®(k(z — ct)).

provided that p #£0, ¢#0, g #0, ¢g #0, a =0, o9 # 0.

Now we seek the solution to the substituted problem (16)—(18) using the Jacobi
elliptic function decomposition method with the delta amplitude dn &.

Similarly, we find the solution to problem (16)—(18) using the delta amplitude
dn & of the Jacobi function.

Theorem 5. Let all coefficients of the system (20) be non-zero constants.
Then the problem (16)-(18) has an exact periodic solution using the delta am-
plitude dn & Jacobi only in the case = 0.

Proof. We seck a solution to the system of ordinary equations (20) using the
delta amplitude dn ¢ Jacobi function in the form

E(f) =ap+ a1 dn2§, H(f) =by + by d’I’L2§ (031)

Proceeding as above, we find the following exact periodic solutions to prob-
lems (16)—(18) using the Jacobian function dn . Now we substitute (31) into the
ordinary system (20) and, after some transformations and calculations, arrive at
the following algebraic system of the following form

— aby + 3cgpatay — 4ck*oo(m? — 2)apa; = 0,

6egoaoal — dck’ogar (3ag + (m® — 2)ay) =0,

3cepat — 12ck?oga? = 0, (0.32)
— aay + 2ucboby — 4uck*(m? — 2)by =0,

2uch? — 127ic* kb = 0.

From where, we find solutions (32) in the form of
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1 |4k200(m? —2) n L2kioi(m? —2)2 2«

=3 3eo 3262 iy
4k? 1 (2 ~
a1 = — 20 by =5 | TN Rk (m? - 2)] (0.33)
€0 2uc | 3uceg
6k20
by = —HC
U

Thus, we find the solution to the system of ordinary equations (20) in the form

1 | 4k200(m? —2) L2k%02(m? —2)2 2« 4k% o

E(E) = = + dn?
(5) 2 3e0 3253 + MO * &0 " 57
1 |2 ~ 6k211
H()=— Zh70%0 4 4tk (m? = 2)| + 2R dn?¢.
2ue | 3pceo jz

(0.34)
So, let’s move on to the initial changes and find the solution to problem (16)-
(18) using the delta amplitude dn ¢ Jacobian function in the form

B(z,t) = BE(k(z — ct) = » [4’“70(7”—2)

2 380

4L2kAo3 (m? — 2)2 2nc N 4k20q dn?(k(z — ct)

323 Moo )
(0.35)
1 |2pooan ~ 9.9, 9
H(z,t) = H(k(zx —ct)) = — | —=—— + 4puc’k -2
(z,1) (k(z —ct)) 2 [ STiceg + 4pc k*(m )

o~
+ Ok pic dn®(k(z — ct)).

provided that © # 0, ¢ #0, p#0, g #0, a =0, g9 # 0.
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