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Abstract. The article considers exact and periodic solutions of nonlinear
electrodynamics problems for ferromagnetic and ferroelectric media. The

method of decomposition by Jacobi elliptic functions is used to obtain solu-

tions. The solutions to the problems are found using sn ξ— sine amplitude,
cn ξ— cosine amplitude, and dn ξ— delta amplitude of the Jacobi function.

The foundations of the theory in electrodynamics were laid as early as in the
works of L. Boltzmann, V. Volterra, D. Maxwell, and F. Voigt. Further develop-
ments in linear theory of electromagnetoelasticity belong to Yu.A. Mitropolsky,
A.A. Berezovsky, Zh. L. Lyons, and their students: M. I. Razovsky, A.N. Filatov,
I. K. Kurbanov, and others. The main published works in this area are qualitative
studies of boundary value problems in electrodynamics and electromagnetoelastic-
ity. In the works of I.K. Kurbanov and his students, some studies were carried out
for the problems under consideration, and results were obtained on the existence
and uniqueness of solutions to the problems posed. Studies of exact and periodic
solutions to problems of electrodynamics and electromagnetoelasticity are devoted
to works [1]–[6]. The present work is devoted to obtaining exact solutions in this
area using special functions. To calculate the derivatives of the desired functions,
formulas from the theory of elliptic functions are used [2].

On the plane of variables x, t we consider a system of the form
−∂H

∂x
=

∂
(
D(E)

)
∂t

+ J(H),

∂E

∂x
= −

∂
(
B(E,H)

)
∂t

,

(0.1)

with defining equations

D(E) = αE2, J(H) = β
∂3H

∂x3
, B(E,H) = µH2 + β̃

∂2E

∂x2
, (0.2)

where α, β, µ, β̃ are constants.
From system (1) with the help of defining equations (2), we come to the system

Date: Date of Submission March 27, 2026; Date of Acceptance April 16, 2026, Communicated
by Mamadsho Ilolov.

2000 Mathematics Subject Classification. Primary 35A09; Secondary 35B36.
Key words and phrases. electrodynamics, material equations, elliptic functions, decomposi-

tion method.

 Journal of Applied Data Analysis and Modern Stochastic Modelling 
Vol. 3 No. 1 (June, 2026) 
 
 
Licensing Statement: This article is licensed under a Creative Commons Attribution 4.0 International License (CC BY 4.0) 
(https://creativecommons.org/licenses/by/4.0/).[11] 

       DOI: 10.67274/JADAMSM.3-1-1 

 

1



SAIDALIEV H.P.


∂H

∂x
+ 2αE

∂E

∂t
+ β

∂3H

∂x3
= 0,

∂E

∂x
+ 2µH

∂H

∂t
+ β̃

∂3E

∂x2∂t
= 0.

(0.3)

In work [5], the system of equations (3) was considered with one quasi-linear
equation. In this work, we will seek exact free wave solutions for the system
of third-order quasi-linear equations of the form (3). To do this, using variable
substitutions for the functions E and H from the variables x, t we move to the
variable ξ = k(x− ct), where k and c are wave numbers, i.e.

E(x, t) = E(ξ), H(x, t) = H(ξ). (0.4)

From here, using (4) from system (3), we obtain the ordinary system of differ-
ential equations 

dH

dξ
− 2αcE

dE

dξ
+ βk2

d3H

dξ3
= 0,

dE

dξ
− 2µcH

dH

dξ
− β̃ck2

d3E

dξ3
= 0,

(0.5)

where α, c, β, β̃, µ, k are constant numbers.
We will find the solution to system (5) using the sine amplitude sn ξ of the

Jacobi function of the form

E = a0 + a1 sn
2ξ, H = b0 + b1 sn

2ξ, (0.6)

where a0, a1, b0, b1 are unknown coefficients. A similar method was used in [6]
to obtain a solution for the Korteweg–de Vries equation.

Theorem 1. Let all coefficients of the system of differential equations (5) be
non-zero constants. Then the problem (1)–(3) has an exact periodic solution using
sn ξ.

Proof: Substituting (6) into the system of ordinary equations (5) and setting
the coefficients at the odd powers of the function sn ξ to zero, we obtain

(
1− 4βk2(m2 + 1)

)
b1 − 2αca0a1 = 0,

− αca21 + 6βk2m2b1 = 0,(
1− 4β̃ck2(m2 + 1)

)
a1 − 2µcb0b1 = 0,

µcb21 + 6β̃ck2m2a1 = 0.

(0.7)

Next, solving the system of algebraic equations (7), we determine the unknown
coefficients (6) in the form
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
a0 =

−
(
1− 4βk2(m2 + 1)

)
2µc

3

√
β̃αc

µβ
, a1 =

3

√
β2β̃

µα2c2
6k2m2,

b0 =
−
(
1 + 4β̃ck2(m2 + 1)

)
2µc

3

√
µβ

αcβ̃
, b1 =

3

√
ββ̃2

µ2αc
6k2m2.

(0.8)

Substituting (8) into (6), we obtain an exact periodic solution to problem (1)–
(3) using the Jacobi function sn ξ.


E(x, t) =

−
(
1− 4βk2(m2 + 1)

)
2αc

3

√
αcβ̃

µβ
− 6k2m2 3

√
β2β̃

µα2c2
sn2

(
k(x− ct)

)
,

H(x, t) =
−
(
1 + 4β̃ck2(m2 + 1)

)
2µc

3

√
βµ

αcβ̃
+ 6k2m2 3

√
ββ̃2

µ2αc
sn2

(
k(x− ct)

)
.

(0.9)
Now we seek a solution to problem (1)–(3) using the cosine amplitude cn ξ of

the Jacobi function of the form

E = a0 + a1 cn
2ξ, H = b0 + b1 cn

2ξ, (0.10)

where a0, a1, b0, b1 are unknown constants.

Theorem 2. Let all coefficients of the system of differential equations (5) be
non-zero constants. Then problem (1)–(3) has an exact periodic solution using
cn ξ Jacobi functions.

Proof. Substituting (10) into the system of ordinary differential equations (5)
and setting the coefficients with the same degrees cn ξ equal to zero, we obtain a
system of algebraic equations

− 2b1 + 4αca0a1 + 8βk2(1− 2m2)b1 = 0,

4αca21 + 24βk2m2b1 = 0,

− a1 + 2µcb0b1 − 4β̃ck2(1− 2m2)a1 = 0,

µcb21 − 24β̃ck2m2a1 = 0.

(0.11)

From (11) we determine the unknown constants (10)


a0 =

1− 4βk2(1− 2m2)

−2αc

3

√
αcβ̃

µβ
, a1 = 6k2m2 3

√
β̃β2

α2c2µ
,

b0 =
−1 + 4β̃ck2(1− 2m2)

−2µc
3

√
µβ

αcβ̃
, b1 = −6k2m2 3

√
β̃2β

αcµ2
.

(0.12)
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From this, we obtain the following exact periodic solution of the problem (1)–(3)
using the Jacobi cn ξ function.


E(x, t) =

1− 4βk2(1− 2m2)

−2αc

3

√
αcβ̃

µβ
+

3

√
β̃β2

α2c2µ
6k2m2 cn2

(
k(x− ct)

)
,

H(x, t) =
1 + 4β̃ck2(1− 2m2)

−2µc
3

√
µβ

αcβ̃
− 6k2m2 3

√
β̃2β

αcµ2
cn2

(
k(x− ct)

)
.

(0.13)

Similarly, we will seek a solution to problems (1)–(3) using the delta amplitude
dn ξ of the Jacobi function in the form

E = a0 + a1 dn
2ξ, H = b0 + b1 dn

2ξ. (0.14)

Proceeding as above, we find the following exact periodic solution to prob-
lem (1)–(3) using the Jacobian function dn ξ


E(x, t) =

1− 4βk2(m2 − 2)

−2αc

3

√
β̃αc

µβ
+ 6k2

3

√
β̃β2

µα2c2
dn2

(
k(x− ct)

)
,

H(x, t) =
1 + 4β̃ck2(m2 − 2)

−2µc
3

√
µβ

β̃αc
− 6k2

3

√
β̃2β

µ2αc
dn2

(
k(x− ct)

)
.

(0.15)

In this part of the article, we consider the following problem, which is similar
to the one discussed above but with stronger nonlinearity.

On the plane of variables x, t, we consider a system of the form
−α

∂H

∂x
=

∂
(
D(E)

)
∂t

+ J(E),

α0
∂E

∂x
= −

∂
(
B(H)

)
∂t

,

(0.16)

where α, α0 are constant numbers, with defining equations

D(E) = ε0E
3, J(E) = σ0E

∂3E

∂x2∂t
,

B(H) = µH2 + µ̃
∂2E

∂x∂t
,

(0.17)

where σ0, ε0, µ, µ̃ are permanent.
From system (16) with the help of defining equations (17), we come to the

system

−α
∂H

∂x
= 3ε0E

2 ∂E

∂t
+ σ0E

∂3H

∂x2∂t
,

α0
∂E

∂x
= −2µH

∂H

∂t
− µ̃

∂3E

∂x∂t2
.

(0.18)
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The resulting system consists of two nonlinear equations of the third order.
We can say that the first equation of the system is nonlinear, while the second is
quasi-linear. We will seek exact free wave solutions for the system of nonlinear
third-order equations (18). For this system, we also use variable substitution for
the functions E and H from the variables x, t to the variable ξ = k(x− ct), where
k and c denote wave numbers and velocities, respectively, i.e.

E(x, t) = E(ξ), H(x, t) = H(ξ). (0.19)

From here, using (19) from system (18), we arrive at a nonlinear ordinary system
of third order of the form

α
dH

dξ
− 3cε0E

2 dE

dξ
− ck2σ0E

d3H

dξ3
= 0,

α0
dE

dξ
− 2µcH

dH

dξ
− µ̃c2k2

d3E

dξ3
= 0,

(0.20)

where α, c, α0, µ̃, µ, k, ε0, σ0 are constant numbers.
For system (20), we will seek solutions using Jacobi elliptic functions sn ξ—

sine amplitude, cn ξ— cosine amplitude, and dn ξ— delta amplitude.

Theorem 3. Let all coefficients of the system of equations (20) be non-zero
constants.

Then the problem (16)–(18) has an exact periodic solution using the sn ξ— sine
amplitude of the Jacobi function only in the case α = 0.

Proof. For the system of equations (20), based on the method of decomposition
into Jacobi elliptic functions, we will seek the solution using a finite series of the
form

E(ξ) = a0 + a1 sn
2ξ, H(ξ) = b0 + b1 sn

2ξ, (0.21)

where a0, a1, b0, b1 are as yet unknown coefficients.
Thus, we substitute (21) into the ordinary nonlinear system of differential equa-

tions (20) and perform certain procedures, obtaining an overdetermined algebraic
system of the following form

αb1 − 3cε0a
2
0a1 + 4ck2σ0(m

2 + 1)a0a1 = 0,

− 6cε0a0a
2
1 − 4ck2σ0

(
3m2a0a1 − (m2 + 1)a21

)
= 0,

− 3cε0a
3
1 − 12ck2σ0m

2a21 = 0,

α0a1 − 2µcb0b1 + 4µ̃c2k2(m2 + 1)b1 = 0,

− 2µcb21 − 12µ̃c2k2m2b1 = 0.

(0.22)

From there, solving the redefinite system of nonlinear algebraic equations (22),
we find the unknown coefficients (21) in the form
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a0 =
1

2

[
4k2σ0(m

2 + 1)

3ε0
±

√
42k4σ2

0(m
2 + 1)2

32ε20
+

2µ̃α

µσ0

]
,

a1 = −4k2m2σ0

ε0
, b0 =

1

2µc

[
2µσ0α0

3µ̃cε0
+ 4µ̃c2k2(m2 + 1)

]
,

b1 = −6k2m2µ̃c

µ
.

(0.23)

Solution (23) satisfies (22) under the following conditions µ ̸= 0, c ̸= 0, µ̃ ̸=
0, ε0 ̸= 0, α = 0, σ0 ̸= 0, then we obtain the solution of system (20) in the form

E(ξ) =
1

2

[
4k2σ0(m

2 + 1)

3ε0
±

√
42k4σ2

0(m
2 + 1)2

32ε20
+

2µ̃α

µσ0

]
− 4k2m2σ0

ε0
sn2ξ,

H(ξ) =
1

2µc

[
2µσ0α0

3µ̃cε0
+ 4µ̃c2k2(m2 + 1)

]
− 6k2m2µ̃c

µ
sn2ξ

(0.24)
at µ ̸= 0, c ̸= 0, µ̃ ̸= 0, ε0 ̸= 0, α = 0, σ0 ̸= 0.
Now we move on to the initial changes and obtain the solution to problem

(16)–(18) in the form

E(x, t) = E
(
k(x− ct)

)
=

1

2

[
4k2σ0(m

2 + 1)

3ε0

±

√
42k4σ2

0(m
2 + 1)2

32ε20
+

2µ̃α

µσ0

]
− 4k2m2σ0

ε0
sn2

(
k(x− ct)

)
,

H(x, t) = H
(
k(x− ct)

)
=

1

2µc

[
2µσ0α0

3µ̃cε0
+ 4µ̃c2k2(m2 + 1)

]
− 6k2m2µ̃c

µ
sn2

(
k(x− ct)

)
.

(0.25)

provided that µ ̸= 0, c ̸= 0, µ̃ ̸= 0, ε0 ̸= 0, α = 0, σ0 ̸= 0.
Now we seek the solution to the substituted problem (16)–(17) using the Jacobi

elliptic function decomposition method with the cosine amplitude cn ξ.

Theorem 4. Let all coefficients of the system (20) be non-zero constants.
Then the problem (16)–(17) and the system (20) have an exact periodic solution

using cn ξ Jacobi only in the case α = 0.

Proof. As above, to obtain a solution using the cosine amplitude cn ξ, we seek
a solution in the form of finite series

E(ξ) = a0 + a1 cn
2ξ, H(ξ) = b0 + b1 cn

2ξ, (0.26)

where a0, a1, b0, b1 are unknown constants.

6
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And so, we substitute (26) into the ordinary nonlinear system of differential
equations (20) and perform some simple transformations, equating the coefficients
with the same degrees of the cosine amplitude function cn ξ to zero, we obtain an
ordinary overdetermined algebraic system of the following form

− αb1 + 3cε0a
2
0a1 − 4ck2σ0(1− 2m2)a0a1 = 0,

6cε0a0a
2
1 − ck2σ0

(
12m2a0a1 − 4(1− 2m2)a21

)
= 0,

3cε0a
3
1 − 12ck2σ0m

2a21 = 0,

− α0a1 + 2µcb0b1 − 4µ̃c2k2(1− 2m2)b1 = 0,

2µcb21 − 12µ̃c2k2m2b1 = 0.

(0.27)

From there, we find solutions to the redefined system of nonlinear algebraic
equations (27) in the form

a0 =
1

2

[
4k2σ0(1− 2m2)

3ε0
±

√
42k4σ2

0(1− 2m2)2

32ε20
+

2µ̃α

µσ0α0

]
,

a1 =
4k2m2σ0

ε0
, b0 =

1

2µc

[
2µσ0α0

3µ̃cε0
+ 4µ̃c2k2(1− 2m2)

]
,

b1 =
6k2m2µ̃c

µ
.

(0.28)

Thus, using (28), we determine the solution of the system of equations (20) in
the form

E(ξ) =
1

2

[
4k2σ0(1− 2m2)

3ε0
±

√
42k4σ2

0(1− 2m2)2

32ε20
+

2µ̃α

µσ0α0

]
+

4k2m2σ0

ε0
cn2ξ,

H(ξ) =
1

2µc

[
2µσ0α0

3µ̃cε0
+ 4µ̃c2k2(1− 2m2)

]
+

6k2m2µ̃c

µ
cn2ξ.

(0.29)
Now let us move on to the initial changes and obtain the solution to prob-

lem (16)–(18) using the cosine amplitude cn ξ in the form
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E(x, t) = E
(
k(x− ct)

)
=

1

2

[
4k2σ0(1− 2m2)

3ε0

±

√
42k4σ2

0(1− 2m2)2

32ε20
+

2µ̃α

µσ0α0

]
+

4k2m2σ0

ε0
cn2

(
k(x− ct)

)
,

H(x, t) = H
(
k(x− ct)

)
=

1

2µc

[
2µσ0α0

3µ̃cε0
+ 4µ̃c2k2(1− 2m2)

]
+

6k2m2µ̃c

µ
cn2

(
k(x− ct)

)
.

(0.30)

provided that µ ̸= 0, c ̸= 0, µ̃ ̸= 0, ε0 ̸= 0, α = 0, σ0 ̸= 0.
Now we seek the solution to the substituted problem (16)–(18) using the Jacobi

elliptic function decomposition method with the delta amplitude dn ξ.
Similarly, we find the solution to problem (16)–(18) using the delta amplitude

dn ξ of the Jacobi function.

Theorem 5. Let all coefficients of the system (20) be non-zero constants.
Then the problem (16)–(18) has an exact periodic solution using the delta am-

plitude dn ξ Jacobi only in the case = 0.

Proof. We seek a solution to the system of ordinary equations (20) using the
delta amplitude dn ξ Jacobi function in the form

E(ξ) = a0 + a1 dn
2ξ, H(ξ) = b0 + b1 dn

2ξ. (0.31)

Proceeding as above, we find the following exact periodic solutions to prob-
lems (16)–(18) using the Jacobian function dn ξ. Now we substitute (31) into the
ordinary system (20) and, after some transformations and calculations, arrive at
the following algebraic system of the following form

− αb1 + 3cε0a
2
0a1 − 4ck2σ0(m

2 − 2)a0a1 = 0,

6cε0a0a
2
1 − 4ck2σ0a1

(
3a0 + (m2 − 2)a1

)
= 0,

3cε0a
3
1 − 12ck2σ0a

2
1 = 0,

− α0a1 + 2µcb0b1 − 4µ̃c2k2(m2 − 2)b1 = 0,

2µcb21 − 12µ̃c2k2b1 = 0.

(0.32)

From where, we find solutions (32) in the form of

8
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a0 =
1

2

[
4k2σ0(m

2 − 2)

3ε0
±

√
42k4σ2

0(m
2 − 2)2

32ε20
+

2µ̃α

µσ0α0

]
,

a1 =
4k2σ0

ε0
, b0 =

1

2µc

[
2µσ0α0

3µ̃cε0
+ 4µ̃c2k2(m2 − 2)

]
,

b1 =
6k2µ̃c

µ
.

(0.33)

Thus, we find the solution to the system of ordinary equations (20) in the form

E(ξ) =
1

2

[
4k2σ0(m

2 − 2)

3ε0
±

√
42k4σ2

0(m
2 − 2)2

32ε20
+

2µ̃α

µσ0α0

]
+

4k2σ0

ε0
dn2ξ,

H(ξ) =
1

2µc

[
2µσ0α0

3µ̃cε0
+ 4µ̃c2k2(m2 − 2)

]
+

6k2µ̃c

µ
dn2ξ.

(0.34)
So, let’s move on to the initial changes and find the solution to problem (16)–

(18) using the delta amplitude dn ξ Jacobian function in the form

E(x, t) = E
(
k(x− ct)

)
=

1

2

[
4k2σ0(m

2 − 2)

3ε0

±

√
42k4σ2

0(m
2 − 2)2

32ε20
+

2µ̃α

µσ0α0

]
+

4k2σ0

ε0
dn2

(
k(x− ct)

)
,

H(x, t) = H
(
k(x− ct)

)
=

1

2µc

[
2µσ0α0

3µ̃cε0
+ 4µ̃c2k2(m2 − 2)

]
+

6k2µ̃c

µ
dn2

(
k(x− ct)

)
.

(0.35)

provided that µ ̸= 0, c ̸= 0, µ̃ ̸= 0, ε0 ̸= 0, α = 0, σ0 ̸= 0.
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