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Abstract. In paper we investigate solvability of the variational Dirichlet

problem for a class of elliptic differential operators in the whole space. The
sesquilinear form associated with the operator under study is represented

as a finite sum of auxiliary sesquilinear forms and the concept of ¡¡leading

form¿¿ is introduced. Depending on the behavior of the coefficients of the
leading forms, the main weighted space of differentiable functions of many real

variables in the entire space is introduced. The solvability of the variational

Dirichlet problem is studied in this space.

1. Introduction

The solvability of the variational Dirichlet problem for degenerate elliptic opera-
tors of higher order in the domain Ω of n-dimensional Euclidean space Rn is well
studied in the case of bounded domain Ω and the coercivity of the corresponding
sesquilinear form ( see [1] - [8] and the bibliography therein). The case when the
differential operators under study are generated using non-coercive sesquilinear
forms is associated with many technical difficulties and was first considered in [9].
This case was later studied in [10] - [17]. The method developed in these papers
is essentially based on the boundedness of the domain Ω in which the differential
operator under study is specified. The improvement of this method in [16], [18]
made it possible to study differential operators defined in unbounded domains that
are very close to bounded domains (a limit-cylindrical domain with zero diameter
at infinity).

In the authors’ papers [19] - [21] we studied the solvability of the variational
Dirichlet problem for elliptic operators in the whole space Rn, the corresponding
forms of which may not satisfy the coercivity condition and whose coefficients have
coordinated power-law degeneracy at infinity. In this case, the main solution space
is determined using the degree of degeneracy of the leading coefficients.

Here we consider in detail the case of uncoordinated degeneracy of the coeffici-
ents of the operator under study. In this case, we introduce the concept of ”leading
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forms” and show that the main space of solutions to the Dirichlet problem is deter-
mined only by the degrees of degeneracy of the coefficients of leading forms. The
coefficients of non-leading forms do not affect the definition of the main solution
space.

2. Statement of the main result

Let Rn be the n-dimensional Euclidean space of points x = (x1, x2, . . . , xn)
and let k = (k1, k2, · · · , kn) – multi-index and |k| = k1 + k2 + · · ·+ kn – length of
multi-index k. Let us denote by u(k)(x) the derivative of the function u(x) of the
multiindex k, generalized in the sense of S.L. Sobolev. Let r – a natural number
and J – some subset of the set {0, 1, . . . , r}, with r ∈ J . Let d(x) = (1+ |x|2)−1/2

and αj , j ∈ J, – real numbers. Consider the differential operator

L[u] =
∑

|k|=|l|=j∈J

(−1)j
(
d(x)2αjakl(x)u

(k)(x)
)(l)

, (2.1)

which is understood in the sense of the theory of distributions on Rn. It is assumed
that the coefficients akl(x), x ∈ Rn, are bounded complex-valued functions.

Definition 1. The degeneracy of the coefficients of an operator (2.1) is said
to be coordinated if there is a number α such that αj = α− j + r for all j ∈ J.
Otherwise it is called uncoordinated.

This work is devoted to studying the solvability of the variational Dirichlet
problem for a differential operator (2.1) in the case of uncoordinated degeneracy
of its coefficients. The formulation of the variational Dirichlet problem for the
operator (2.1) is associated with the following integro-differential sesquilinear form

B[u, v] =
∑

|k|=|l|=j∈J

∫
d2αj (x)akl(x)u

(k)(x)v(l)(x)dx. (2.2)

Here and below, all integrals are taken over the whole space Rn and it is assumed
that the form (2.2), in the general case, may not satisfy the coercivity condition,
which is understood in the sense of Definition 2.0.1 of the paper [7]: if H0 – is
a Hilbert space with scalar product (·, ·)0 and norm ∥ · ∥0, H+ – another Hilbert
space with norm ∥·∥+, densely embedded in H0, then the sesquilinear form P [u, v]
defined in H+ is called H+-coercive with respect to H0 if there are numbers µ0 ∈
R, δ0 > 0 such that

ReP [u, u] + µ0∥u∥20 ≥ δ0∥u∥2+
for all u ∈ H+.

We represent the form (2.2) as

B[u, v] =
∑
j∈J

Bj [u, v], where Bj [u, v] =
∑

|k|=|l|=j

∫
d2αj (x)akl(x)u

(k)(x)v(l)(x)dx

and introduce the following definition:
Definition 2. The form Br[u, v] is called leading form. In what follows,

for convenience, we denote r by j1 and define other leading forms by induction.
Let the leading forms Bj1 [u, v], . . . , Bjm−1 [u, v] already be specified and let jm be
the greatest number of set J , less than jm−1, for which the inequality αjm + jm <
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min1≤h≤m−1(αjh +jh). holds. Then the form Bjm [u, v] will also be called leading
form. If there is no such jm, then only the forms Bj1 [u, v], . . . , Bjm−1

[u, v] are
called leading form, and m− 1 will be denoted by m.

Before formulating the variational Dirichlet problem for the operator (2.1), we
define the main functional space in which the solution to this problem is sought.
For j ∈ J we denote by V j

2,αj
(Rn) the space of functions u(x) defined in the whole

space Rn which have all derivatives of the order j generalized in the sense of S.L.
Sobolev with finite norm

∥u;V j
2;αj

(Rn)∥ =

∑
|k|=j

∫
d2αj (x)|u(k)(x)|2dx+

∫
d2(αj+j)(x)|u(x)|2dx


1/2

.

Let δ = min1≤h≤m{αjh + jh} and L2, δ(Rn) be a Hilbert space with inner
product

(u, v)δ =

∫
d2δ(x)u(x)v(x)dx. (2.3)

Let ∥f ; L2, δ(Rn)∥ denote the norm of the space L2, δ(Rn) generated by the scalar
product (2.3).

We introduce the space H+ of complex-valued functions u(x), x ∈ Rn, with
finite norm

∥u; H+∥ =

{
m∑

h=0

∥∥∥u; V jh
2;αjh

(Rn)
∥∥∥2}1/2

.

From the property of the space V j
2, αj

(Rn) (see, for example, [7]) it follows that the

set C∞
0 (Rn) is dense in the space H+ and ∥f ; L2, δ(Rn)∥ ≤ ∥u; H+∥ ∀u ∈ H+.

The symbol H− denotes the completion of the space L2, δ(Rn) according to the
norm

∥f ; H−∥ = sup
|(f, u)δ|
∥u; H+∥

,

where the supremum is taken over all u ∈ H+ such that ∥u; H+∥ = 1. Elements
from H− are identified with the corresponding antilinear continuous functionals
over H+. The action of the functional F ∈ H− on the function u ∈ H+ will be
denoted by the symbol ⟨F, v⟩.

Now let us formulate the variational Dirichlet problem for the operator (2.1).
Problem Dλ. For a given functional F ∈ H− it is required to find a solution

u(x) to the equation

B[u, v] + λ(u, v)δ =< F, v > ∀v ∈ C∞
0 (Rn),

which belongs to the space H+.
Before formulating the main result of our paper on the solvability of the problem

Dλ for each h = 1, m we introduce the function

Ah(x, ζ) =
∑

|k|=|l|=jh

akl(x)ζkζl,

where x ∈ Rn and ζ = {ζk}|k|=jh
– an a set of complex numbers.

Further we will assume that the function argz takes its values on the interval
(−π, π].
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Theorem. Let for each h ∈ {1, . . . , m} there exist a number ψh ∈ (o, π) and a
nonzero complex-valued everywhere continuous function γh(x), x ∈ Rn, such that
for all x ∈ Rn, ζ = {ζk}|k|≤r ⊂ C the following inequalities hold

|argAh(x, ζ)| < ψh, (2.4)∑
|k|=r

|ζk|2 ≤MRe {γh(x)Ah(x, ζ)} . (2.5)

Here M is some positive number.
Let for any number ν > 0 there exist Rν > 0 such that |γh(x)− γh(y)| < ν for

any h = 1, m and all x, y ∈ Rn such that |x| > Rν , |y| > Rν .
Then there is a number λ0 ≥ 0 such that if λ ≥ λ0, then for any given functional

F ∈ H− the problem Dλ has a unique solution and at the same time a following
inequality holds

∥u; H+∥ ≤M0 ∥F ; H−∥ , (2.6)

where the number M0 > 0 does not depend on λ ∈ [λ0, +∞) and on the functional
F .

3. Proof of the main theorem

Without loss of generality, we can assume that the numbers φh and the functions
γh(x) under conditions (2.4), (2.5) do not depend on h. Therefore, without loss of
generality, we will further assume that

ψ1 = ψ2 = · · · = ψp = ψ, γ1(x) = γ2(x) = · · · = γp(x) = γ(x). (3.1)

Lemma 1 (See [21, Lemma 3.1]). Let the function γ(x), x ∈ Rn, be the same as
in the previous section, and let ν be a sufficiently small positive number. Then there
are non-negative functions φm(x) ∈ C∞

0 (Rn), ηm(x) ∈ C∞
0 (Rn), m = 1, 2, . . . ,

such that:
a) the system of functions

{
φ2
m(x)

}∞
m=1

forms a partition of the unit in the
space Rn with finite multiplicity, that is

∞∑
m=1

φ2
m(x) ≡ 1, x ∈ Rn,

and if χm(x) is the characteristic function of the set suppφm, then there is a finite
number Λn, depending only on n, such that

1 ≤
∞∑

m=1

χm(x) ≤ Λn for all x ∈ Rn;

b) the function ηm(x) vanishes to one in some neighborhood of the set
suppφm(x) and 0 ≤ ηm ≤ 1 for all x ∈ Rn;

c) the derivatives of the functions φm(x), ηm(x), m = 1, 2, . . . , satisfy the
following inequalities∣∣∣φ(k)

m (x)
∣∣∣ ≤ C1 d

|k|(x),
∣∣∣η(k)m (x)

∣∣∣ ≤ C1 d
|k|(x), |k| ≤ r,

positive numbers C1, C2 do not depend on m and r;
d) |γ(x)− γ(y)| < ν for all x, y ∈ supp ηm (m = 1, 2, . . .).
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Let ν be a sufficiently small positive number, and let φm(x), ηm(x) (m =
1, 2 3, . . .) – the same non-negative functions as in Lemma 1. In each set suppφm

(m = 1, 2, 3, . . .) we fix the point xm and consider the sesquilinear form

B
(0)
λ;m[u, v] =

∑
j∈J

B
(0)
m, j [u, v] + λ

∫
d2δ(x)u(x)v(x)dx, (3.2)

where

B
(0)
m, j [u, v] =

∑
|k|=|l|=j

∫
d2αj (x)a

(0)
klm(x)u(k)(x)v(l)(x)dx,

a
(0)
klm(x) = (1− ηm(x))γ(xm)akl(xm) + ηm(x)γ(x)akl(x) (3.3)

for |k| = |l| = jh, h = 1, p, and

a
(0)
klm(x) = (1− ηm(x))akl(xm) + ηm(x)akl(x)

for |k| = |l| = is, s = 1, q.
Further, for convenience of writing, we present the form (3.2) as

B
(0)
λ;m[u, v] =

p∑
h=1

B
(0)
m, jh

[u, v] +

q∑
s=1

B
(0)
m, is

[u, v]. (3.4)

From the boundedness of the coefficients akl(x), |k|, |l| ≤ r, it follows that the

coefficients a
(0)
klm(x) are bounded. Therefore, applying the Cauchy-Bunyakovsky

inequality for leading forms we have∣∣∣B(0)
m, jh

[u, v]
∣∣∣ ≤M0∥u;V jh

2;αjh
(Rn)∥·∥v;V jh

2;αjh
(Rn)∥ ≤M0 ∥u; H+∥ ∥v; H+∥ . (3.5)

Now consider the form B
(0)
m, is

[u, v], which is not the leading form. According to
the Definition 2, jp is an index of the highest form if jp < jp−1 and αjp + jp <
min1≤h≤p−1 (αjh + jh) . Therefore, for any index of the non-leading form is there
is an index of the leading form jh such that

jh > is, αis + is ≥ αjh + jh. (3.6)

Taking this into account, by virtue of the embedding theorem for the spaces
V r
2;α(Rn) (see, for example, [21, Theorem 2.1] ), we have∥∥∥u; V jh

2, αjh
(Rn)

∥∥∥ ≥
∥∥∥u; V is

2, αjh
+jh−is

(Rn)
∥∥∥ .

Since 0 < d(x) ≤ 1,∀x ∈ Rn, then by inequality (3.6) we have∥∥∥u; V is
2, αjh

+jh−is
(Rn)

∥∥∥ ≥
∥∥∥u; V is

2, αis
(Rn)

∥∥∥ .
Hence, by virtue of the definition of the space H+, it follows that∥∥∥u; V is

2, αis
(Rn)

∥∥∥ ≤M1

∥∥∥u; V jh
2, αjh

(Rn)
∥∥∥ ≤M1 ∥u; H+∥ .

Therefore∣∣∣B(0)
m, is

[u, v]
∣∣∣ ≤M2∥u;V is

2;αis
(Rn)∥ · ∥v;V is

2;αis
(Rn)∥ ≤M2 ∥u; H+∥ ∥v; H+∥ . (3.7)
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Note also the obvious inequality∣∣∣∣∫ d2δ(x)u(x)v(x)dx

∣∣∣∣ ≤ ∥u; H+∥ ∥v; H+∥ (3.8)

Now applying the inequalities (3.5), (3.7), (3.8), from (3.4) we have∣∣∣B(0)
λ;m[u, v]

∣∣∣ ≤ (M3 + |λ|) ∥u; H+∥ ∥v; H+∥ (3.9)

for all u, v ∈ H+.
From condition (2.5) it follows that

Re

γ(xm)
∑

|k|=|l|=jh

akl(xm)ζiζj

 ≥ c
∑

|k|=jh

|ζk|2,

Re

γ(x) ∑
|k|=|l|=jh

akl(x)ζiζj

 ≥ c
∑

|k|=jh

|ζk|2

for allm = 1, 2, 3, . . . , x ∈ Rn and for any set of complex numbers ζ = {ζk}|k|≤r ⊂
C. Due to these inequalities, it follows from (3.3) that

Re

 ∑
|k|=|l|=jh

a
(0)
kl (x)ζiζj

 ≥ c
∑

|k|=jh

|ζk|2

for all m = 1, 2, 3, . . . , x ∈ Rn, ζ = {ζk}|k|=jh
⊂ C.

Substituting ζk = dαjh (x)u(k)(x) into this inequality after integrating over Rn

we obtain

ReB
(0)
m, jh

[u, u] ≥ C0

∑
|k|=jh

∫
d2αjh (x)

∣∣∣u(k)(x)∣∣∣2 dx. (3.10)

From this inequality and from the definition of the norm of the space V r
2;α(Rn) it

follows that

ReB
(0)
m, jh

[u, u] + λh

∥∥∥u; L2, αjh
+jh(Rn)

∥∥∥2 ≥ C0

∥∥∥u; V jh
2, αjh

(Rn)
∥∥∥2 (3.11)

for all u ∈ C∞
0 (Rn).

Further, in the process of proving the main theorem, we will repeatedly use the
inequality∥∥u; L2, αj+j(Rn)

∥∥ ≤M1 ∥u; L2, δ(Rn)∥ ∀j ∈ J, u ∈ C∞
0 (Rn),

which occurs due to the inequality dδ(x) ≥ dαj+j(x), j ∈ J, x ∈ Rn.
Hence, due to the inequality (3.11) and the definition of the space H+, it follows

that

Re

p∑
h=1

B
(0)
m, jh

[u, u] + λ′0 ∥u; L2, δ(Rn)∥2 ≥ c′0 ∥u; H+∥2 , u ∈ C∞
0 (Rn),

where λ′0, c
′
0 are some positive numbers.

12



VARIATIONAL DIRICHLET PROBLEM

Now consider the non-leading form B
(0)
m, is

[u, v]. Due to the boundedness of the
coefficients of this form, we have∣∣∣B(0)

m, is
[u, v]

∣∣∣ ≤M2

∥∥∥u; Lis
2;αis

(Rn)
∥∥∥∥∥∥v; Lis

2;αis
(Rn)

∥∥∥ . (3.12)

Next, note that for any index of the non-leading form is there is an index of the
leading form jh such that the inequalities are satisfied jh > is, αis+is ≥ αjh+jh.

On the other hand, from [23, Lemma 2.2], in particular, it follows that for any
τ > 0 and all u ∈ C∞

0 (Rn) the following inequality is valid∑
|k|=is

∥∥d−is+αjh
+jhDku; L2, (Rn)

∥∥ ≤

≤ τ∥u;Ljh
2;αjh

(Rn)∥+ c0τ
−µ

∥∥∥u; L2, αjh
+jh(Rn)

∥∥∥ ,
where µ = is/(jh − is). From here, due to the inequality αis ≥ −is + αjh + jh, it
follows that∥∥∥u; Lis

2;αis
(Rn)

∥∥∥ ≤ τ∥u;Ljh
2;αjh

(Rn)∥+ c0τ
−µ

∥∥∥u; L2, αjh
+jh(Rn)

∥∥∥ , (3.13)

where µ – finite positive number.
Applying inequality (3.13), from (3.12) we have∣∣∣B(0)

m, is
[u, u]

∣∣∣ ≤ τ2∥u;Ljh
2;αjh

(Rn)∥2 + c0τ
−2µ

∥∥∥u; L2, αjh
+jh(Rn)

∥∥∥2 . (3.14)

Next, using inequalities (3.10), (3.14), we obtain

ReB
(0)
m, jh

[u, u] + ReB
(0)
m, is

[u, u] ≥ ReB
(0)
m, jh

[u, u]−
∣∣∣B(0)

m, is
[u, u]

∣∣∣ ≥
≥

(
C0 − τ2

)
∥u;Ljh

2;αjh
(Rn)∥2 − c0τ

−2µ
∥∥∥u; L2, αjh

+jh(Rn)
∥∥∥2 .

Then, choosing a suitable value for the parameter τ , we find

ReB
(0)
m, jh

[u, u] + ReB
(0)
m, is

[u, u] + λ′h

∥∥∥u; L2, αjh
+jh(Rn)

∥∥∥2 ≥ C0

∥∥∥u; V jh
2, αjh

(Rn)
∥∥∥2 .

Further, taking into account the definitions of the forms B
(0)
m, jh

[u, u], B
(0)
m, is

[u, u]
and the space H+, we obtain the inequality

ReB
(0)
λ;m[u, u] ≥ c′′0 ∥u; H+∥2 , (λ ≥ λ′′0 , m = 1, 2, 3, . . . , u ∈ H+) , (3.15)

where λ′′0 , c
′′
0 are some positive constants.

Now consider the sesquilinear form

B(0)
λ;m[u, v] =

p∑
h=1

∑
|k|=|l|=jh

∫
d2αj (x)âklm(x)u(k)(x)v(l)(x)dx+

q∑
s=1

B
(0)
m, is

[u, v]+

+ λ

∫
d2δ(x)u(x)v(x)dx,

where âklm(x) = [(1−ηm(x))akl(xm)+ηm(x)akl(x)]γh(xm) for |k| = |l| = jh, h =

1, p. Since a
(0)
klm(x)− âklm(x) = ηm(x)(γh(x)− γh(xm))akl(x) (|k| = |l| = jh, h =
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1, p) and coefficients akl(x) are bounded, then using the Cauchy-Bunyakovsky
inequality it is proved that

|B(0)
λ;m[u, v]− B(0)

λ;m[u, v]| ≤M Λ ∥u; H+∥ · ∥v; H+∥

for all u, v ∈ C∞
0 (Rn). Here Λ = sup |ηm(x)(γm(x)−γ(xm))|, where the supremum

is taken over all x ∈ Rn, h = 1, p and all m = 1, 2, 3, . . ..
Applying this inequality, from (3.15) we find

C0∥u; H+∥2 ≤ Re
(
B

(0)
λ;m[u, u]− B(0)

λ;m[u, u]
)
+ReB(0)

λ;m[u, u] ≤

≤ ReB(0)
λ;m[u, u] +M Λ ∥u; H+∥2.

Since |ηm(x)(γh(x)−γh(xm))| < ν, h = 1, p, m = 1, 2, . . . and ν is a sufficiently
small positive number, then from the resulting inequality it follows that

c0∥u; H+∥2 ≤ ReB(0)
λ;m[u, u] (3.16)

for all u ∈ C∞
0 (Rn). Here λ ≥ λ′′0 and λ′′0 are the same positive number as in

(3.15).
Enter the following sesquilinear form

Bλ;m[u, v] =

p∑
h=1

∑
|k|=|l|=jh

∫
d2αj (x)aklm(x)u(k)(x)v(l)(x)dx+

+γ−1(xm)

q∑
s=1

B
(0)
m, is

[u, v] + λ

∫
d2δ(x)u(x)v(x)dx, (3.17)

where aklm(x) = (1− ηm(x))akl(xm) + ηm(x)akl(x), |k| = |l| = jh, h = 1, p.

We note that B(0)
λ;m[u, v] = γ(xm)Bλm;m[u, v], where λm = λγ−1(xm). Therefore,

from inequality (3.16) it follows that for λ ≥ λ0, where λ0 is some sufficiently large
number, the inequality

c0∥u; H+∥2 ≤ Re {γ(xm)Bλ;m[u, u]} , u ∈ C∞
0 (Rn) (3.18)

holds.
Further, without loss of generality, we will assume that the number (see (3.1))

ψh = ψ in condition (2.4) is such that ψ > π/2. By virtue of (2.4), inequality (2.5)
will also hold if γ(x) is replaced by exp(iθ(x)) , where

θ(x) = min {ψ − π/2, |arg γ(x)|} (sign argγ(x)).

Therefore, from inequality (3.18) it follows that

c0∥u; H+∥2 ≤ Re {exp(iθm)Bλ;m[u, u]} , u ∈ C∞
0 (Rn). (3.19)

Here and below θm = θ(xm), m = 1, 2, . . ..
Doing the same thing as in the proof of inequality (3.9), we find

|Bλ;m[u, v]| ≤ (M0 + |λ|)∥u; H+∥ · ∥v; H+∥, u ∈ C∞
0 (Rn). (3.20)
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Inequalities (3.19), (3.20) allow us to apply the generalized Lax-Milgram theo-

rem [7, theorem 2.0.1]). According to this theorem, there is an operator R̃m(λ)
that implements a homeomorphism of the spaces H+ and H− such that〈

R̃m(λ)u, v
〉
= exp(iθm)Bλ;m[u, v], v ∈ H+. (3.21)

Let’s denote Rm(λ) = R̃−1
m (λ) : H− → H+. Then it follows from equality (3.21)

that
exp(iθm)Bλ;m[Rm(λ)F, v] = ⟨F, v⟩, F ∈ H−, v ∈ H+. (3.22)

The operator Rm(λ) is bounded and

∥Rm(λ)F ;H+∥ ≤M1 ∥F ;H−∥ , F ∈ H−, λ ≥ λ0. (3.23)

Here the number M1 does not depend on F and λ, and the number λ0 is the same
as in (3.18).

We introduce the operator

R(λ) =

∞∑
m=1

exp(iθm)ΦmRm(λ)Φm, (3.24)

which acts from H− to H+. Here and below, the symbol Φm denotes the operator
of multiplication by the function φm(x).

Since the coefficients akl(x) (|k|, |l| ≤ r) are bounded, then by applying the
Cauchy-Bunyakovsky inequality it is proved that∣∣∣∣B[u, v] + λ

∫
d2δ(x)u(x)v(x)dx

∣∣∣∣ ≤ (M0 + λ)∥u;H+∥ · ∥v;H+∥, u, v ∈ H+.

Therefore, the operator R(λ) defined by the equality

⟨R(λ)F, v⟩ = B[R(λ)F, v] + λ

∫
d2δ(x) (R(λ)F ) (x)v(x)dx (∀v ∈ H+) (3.25)

acts from H− to H−.
According to our constructions, the functions φ2

m(x), m = 1, 2, 3, . . . , form
a partition of the unit Rn, therefore for all F ∈ L2, δ(Rn) and all v ∈ H+ the
following equalities hold

⟨F, v⟩ = (F, v)δ =
∞∑

m=1

(φmF, φmv)δ. (3.26)

Since aklm(x) = (1−ηm(x))akl(xm)+ηm(x)akl(x), and the function ηm(x) identity
equals to one in some neighborhood of the set suppφm, then the functions aklm(x)
and akl(x) on the set supp , φm match. Therefore, from equalities (3.24) and (3.25)
it follows that

⟨R(λ)F, v⟩ =

=

∞∑
m=1

exp(iθm)

 ∑
|k|=|l|=j∈J

∫
d2αj (x)aklm(x)Dk(φmRm(λ)ΦmF )(x)v(l)(x)dx +

+ λ

∫
d2δ(x)(Rm(λ)ΦmF )(x)φm(x)v(x)dx

}
. (3.27)
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Let F ∈ L2, δ(Rn). In equality (3.22) we replace F with φmF , and v with φmv:

exp(iθm)Bλ;m[Rm(λ)ΦmF,φmv] = (φmF,φmv)δ.

From here, taking into account the equality (3), it follows that

(φmF,φmv)δ = exp(iθm)×

×

 ∑
|k|=|l|=j∈J

∫
d2αj (x)aklm(x)Dk ((Rm(λ)ΦmF )(x))Dl (φm(x)v(x))dx +

+ λ

∫
d2δ(x)(Rm(λ)ΦmF )(x)φm(x)v(x)dx

}
.

Summing this equality over m from 1 to infinity, by virtue of (3.26), we have

⟨F, v⟩ = (F, v)δ =

∞∑
m=1

exp(iθm)×

×

 ∑
|k|=|l|=j∈J

∫
d2αj (x)aklm(x)Dk ((Rm(λ)ΦmF )(x))Dl (φm(x)v(x))dx +

+ λ

∫
d2δ(x)(Rm(λ)ΦmF )(x)φm(x)v(x)dx

}
.

From here and from (3.27) it follows that

⟨R(λ)F, v⟩ − ⟨F, v⟩ =
∞∑

m=1

exp(iθm)

 ∑
|k|=|l|=j∈J

∫
d2αj (x)aklm(x)×

×
{
Dk ((φmRm(λ)ΦmF )(x)) v(l)(x)−

−Dk ((Rm(λ)ΦmF )(x))Dl (φm(x)v(x))
}
dx

}
. (3.28)

We denote

Um,λ(x) = (Rm(λ)ΦmF )(x), m = 1, 2, . . . . (3.29)

Then, by virtue of equality (3.28), we have

⟨R(λ)F, v⟩ − ⟨F, v⟩ = Kλ[F, v] + Lλ[F, v], (3.30)

where

Kλ[F, v] =

∞∑
m=1

∑
|k|=|l|=j∈J

exp(iθm)×

×
∑(1)

k
Ck′′

k′

∫
d2αj (x)aklm(x)φ(k′)

m (x)U
(k′′)
m,λ (x)v(l)(x)dx, (3.31)
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Lλ[F, v] =

∞∑
m=1

∑
|k|=|l|=j∈J

exp(iθm)×

×
∑(2)

l
Cl′′

l′

∫
d2αj (x)aklm(x)U

(k)
m,λ(x)φ

(l′)
m (x)v(l′′)(x)dx. (3.32)

Here the symbol
∑(1)

k denotes summation over multi-indices k′, k′′ such that k =

k′ + k′′, k′ ̸= 0, and the symbol
∑(2)

l denotes summation over multi-indices l′, l′′

such that l = l′ + l′′, l′ ̸= 0.
Consider a symmetrical sesquilinear form

B̃λ;m[u, v] =
1

2

{
exp(iθm)Bλ;m[u, v] + exp(−iθm)Bλ;m[v, u]

}
, (3.33)

D(B̃λ;m) = H+.

There is a self-adjoint operator Bλ;m in the space L2, δ(Rn) generated by a
symmetric form (3.33) such that(

B
1/2
λ;mu,B

1/2
λ;mv

)
α+r

= B̃λ;m[u, v], u, v ∈ H+. (3.34)

Lemma 2 A) There is a non-negative number λ0 such that for λ ≥ λ0 and all
j ∈ J for any multi-index k such that |k| = j, and any m = 1, 2, 3, . . . operator

d−|k|DkB
−1/2
λ;m is a bounded operator acting from L2, δ(Rn) to L2, αj+j(Rn).

B) if |k| = j ∈ J, k = k′+k′′ and |k′| ≠ 0, then there is a positive function q(λ)
such that q(λ) → 0 for λ→ ∞ and∥∥∥d−|k|φ(k′)

m Dk′′
u; L2, αj+j(Rn)

∥∥∥ ≤ q(λ)∥B1/2
λ;mu;L2, δ(Rn)∥ (3.35)

for all u ∈ H+

Proof. It follows from (3.34) that

∥B1/2
λ;mu;L2, δ(Rn)∥2 = Re {exp(iθm)Bλ;m[u, u]} (3.36)

Therefore, by virtue of the inequality (3.19) we have

∥B1/2
λ;mu;L2, δ(Rn)∥ ≥ c0∥u;H+∥ (λ ≥ λ0) (3.37)

for all u ∈ H+. Hence, by virtue of the definition of the space H+, it follows that
p∑

h=1

∥∥∥u; V jh
2;αjh

(Rn)
∥∥∥ ≤M0∥B1/2

λ;mu; L2, δ(Rn)∥ (3.38)

(|k| = j ∈ J, m = 1, 2, . . . , u ∈ H+).

Since for any index is of a non-leading form there is an index jh of a leading form
such that ∥∥∥u; V is

2;αis
(Rn)

∥∥∥ ≤M1

∥∥∥u; V jh
2;αjh

(Rn)
∥∥∥ , u ∈ C∞

0 (Rn),

than it follows from (3.38) that
p∑

j∈J

∥∥∥u; V j
2;αj

(Rn)
∥∥∥ ≤M0∥B1/2

λ;mu; L2, δ(Rn)∥.
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Future it follows that∥∥∥d−|k|Dku; L2, αj+j(Rn)
∥∥∥ ≤M0∥B1/2

λ;mu; L2, δ(Rn)∥,

(|k| = j ∈ J, m = 1, 2, . . . , u ∈ H+).

Therefore, the operator d−|k|DkB
−1/2
λ;m is a bounded operator acting from L2, δ(Rn)

to L2, αj+j(Rn).
We proceed to the proof of point B) of Lemma 2. Consider the case 0 ̸= |k′′| <

|k| ≤ r. Applying Lemma 1 we get∥∥∥d−|k|(x)φ(k′)
m (x)Dk′′

u(x); L2, αj+j(Rn)
∥∥∥ ≤

≤
∥∥∥d−|k′′|Dk′′

u; L2, αj+j(Rn)
∥∥∥ . (3.39)

On the other hand, from [23, Lemma 2.2], in particular, it follows that for any
τ > 0 and all u ∈ C∞

0 (Rn) the following inequality is valid∥∥∥d−|k′′|Dk′′
u; L2, αj+j(Rn)

∥∥∥ ≤ τ∥u;Lj
2;α(R

n)∥+ c0τ
−µ

∥∥u; L2, αj+j(Rn)
∥∥ ,

where

∥u;Lj
2, αj

(Rn)∥ =

∑
|l|=j

∫ (
dαj (x)|u(l)(x)|

)2

dx


1/2

and

µ = |k′′|/(j − |k′′|). (3.40)

Since 0 ̸= |k′′| < |k| = j, then µ is a finite positive number.
From the above inequality and from (3.39) it follows that∥∥∥d−|k|(x)φ(k′)

m (x)Dk′′
u(x); L2, αj+j(Rn)

∥∥∥ ≤ τ∥u;Lj
2, αj

(Rn)∥+

+ c0τ
−µ

∥∥u; L2, αj+j(Rn)
∥∥ .

By squaring this inequality, we obtain (we again denote
√
2τ by τ)∥∥∥d−|k|(x)φ(k′)

m (x)Dk′′
u(x); L2, αj+j(Rn)

∥∥∥2 ≤

≤ τ2∥u;Lj
2, αj

(Rn)∥2 + c1τ
−2µ

∥∥u; L2, αj+j(Rn)
∥∥2 .

Since δ = min
1≤h≤p

(αjh + jh) and for any index is of a non-leading form there is

an index jh of a leading form such that αis + is ≥ αjh + jh, then δ = min
j∈J

(αj + j).

Therefore, the following inequality holds∥∥u; L2, αj+j(Rn)
∥∥ ≤ ∥u; L2, δ(Rn)∥ , j ∈ J. (3.41)

Next, applying the inequalities (3.37), (3.41), we have∥∥∥d−|k|(x)φ(k′)
m (x)Dk′′

u(x); L2, αj+j(Rn)
∥∥∥2 ≤

≤ τ2∥B1/2
λ;mu;L2, δ(Rn)∥2 + c1τ

−2µ ∥u; L2, δ(Rn)∥2 .
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From here, by virtue of equality (3.36), it follows that∥∥∥d−|k|(x)φ(k′)
m (x)Dk′′

u(x); L2, αj+j(Rn)
∥∥∥2 ≤

≤ τ2Re {exp(iθm)Bλ;m[u, u]}+ c1τ
−2µ ∥u; L2, δ(Rn)∥2 . (3.42)

Using equality (3), we estimate the right-hand side of this inequality

τ2Re {exp(iθm)Bλ;m[u, u]}+ c1τ
−2µ ∥u; L2, δ(Rn)∥2 =

= τ2Re

exp(iθm)

 ∑
|k|=|l|=j∈J

∫
d2αj (x)aklm(x)u(k)(x)u(l)(x)dx +

+ λ

∫
d2δ(x)|u(x)|2dx

)}
+ c1τ

−2µ

∫
d2δ(x)|u(x)|2dx ≤

≤ τ2Re

exp(iθm)

 ∑
|k|=|l|=j∈J

∫
d2αj (x)aklm(x)u(k)(x)u(l)(x)dx +

+ Λ(λ, τ)

∫
d2δ(x)|u(x)|2dx

)}
,

where Λ(λ, τ) is a continuous function satisfying the condition λ + c1τ
−2µ−2 ≤

Λ(λ, τ). From (3.40) it follows that µ+ 1 = j/(j − |k′′|). Since 0 ̸= |k′′| < j, then
Λ(λ, τ) → ∞ if τ → 0 or λ→ ∞ . Therefore, from the inequality obtained above
for λ = 1/τ and from (3.42) it follows that∥∥∥d−|k|(x)φ(k′)

m (x)Dk′′
u(x); L2, αj+j(Rn)

∥∥∥2 ≤

≤ τ2Re

exp(iθm)

 ∑
|k|=|l|=j∈J

∫
d2αj (x)aklm(x)u(k)(x)u(l)(x)dx +

+ p(τ)

∫
d2δ(x)|u(x)|2dx

)}
, (3.43)

where p(τ) = Λ(1/τ, τ). Note that p(τ) → ∞ for τ → 0. Let q(·) denote the
inverse function of p(τ). Then for τ = q(λ), that is, for λ = p(τ), it follows from
(3.43) that∥∥∥d−|k|(x)φ(k′)

m (x)Dk′′
u(x); L2, αj+j(Rn)

∥∥∥2 ≤

≤ q(λ)2Re

exp(iθm)

 ∑
|k|=|l|=j∈J

∫
d2αj (x)aklm(x)u(k)(x)u(l)(x)dx +

+ λ

∫
d2δ(x)|u(x)|2dx

)}
.

Here a positive continuous function q(λ) is defined for positive values of λ and
such that q(λ) → 0 for λ → ∞. From the inequality obtained above, by virtue of
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equalities (3), (3.36), it follows (3.35). Statement B) of Lemma 2 for |k′′| ̸= 0 is
proven.

Consider the case |k′′| = 0. The inequality (3.35) in this case takes the form∥∥∥d−|k|φ(k)
m (x)u(x); L2, αj+j(Rn)

∥∥∥ ≤ q(λ)∥B1/2
λ;mu;L2, δ(Rn)∥ (3.44)

for all u ∈ H+; |k| = j ∈ J and q(λ) → 0 for λ→ ∞. By Lemma 1 the inequality
(3.44) follows from the inequality∥∥u; L2, αj+j(Rn)

∥∥ ≤ q(λ)∥B1/2
λ;mu;L2, δ(Rn)∥, (3.45)

that is proven below.
Let λ > λ0, where λ0 is the same positive number as in (3.37). Then using

equality (3.33), we have

∥B1/2
λ;mu;L2, δ(Rn)∥2 = Re {exp(iθm)Bλ;m[u, u]} =

= Re

exp(iθm)

 ∑
|k|=|l|=j∈J

∫
d2αj (x)aklm(x)u(k)(x)u(l)(x)dx+

+λ

∫
d2δ(x)|u(x)|2dx

)}
=

= ∥B1/2
λ0;m

u;L2, δ(Rn)∥2 + (λ− λ0) cos θm

∫
d2δ(x)|u(x)|2dx ≥

≥ (λ− λ0) cos θm

∫
d2δ(x)|u(x)|2dx.

It follows from here that

∥u; L2, δ(Rn)∥2 =

∫
d2δ(x)|u(x)|2dx ≤ 1

(λ− λ0) cos θm
∥B1/2

λ;mu;L2, δ(Rn)∥2.

Introducing the notation q(λ) = 1/
√

(λ− λ0) cos θm, from the last inequality we
obtain

∥u; L2, δ(Rn)∥ ≤ q(λ)∥B1/2
λ;mu;L2, δ(Rn)∥.

From here, by virtue of the inequality (3.41), the inequality (3.45) follows.
□

Bilinear form exp(iθm)Bλ;m[u, v] satisfies the inequalities:

c0∥u;H+∥2 ≤ Re {exp(iθm)Bλ;m[u, u]} , u ∈ H+; (3.46)

|Bλ;m[u, v]| ≤ (M0 + |λ|)∥u;H+∥ · ∥v;H+∥, u, v ∈ H+. (3.47)

The numbers c0, M0 > 0 in these inequalities do not depend on u(x), v(x). It
follows from here that D (Bλ;m) = H+.

According to inequalities (3.46), (3.47), the bilinear form exp(iθm)Bλ;m[u, v] is
closed and sectorial. Therefore, using [24, ch. 6, Theorem 2.1], we obtain:
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I) there is such an m – sectorial operator Aλ;m, which for all u ∈ D(Aλ;m) ⊂
D (Bλ;m) = H+ and all v ∈ H+ the equality

exp(iθm)Bλ;m[u, v] = (Aλ;mu, v)δ,

holds, where (·, ·)δ – the scalar product in space the L2, δ(Rn);
II) if u ∈ H+, w ∈ L2, δ(Rn) and exp(iθm)Bλ;m[u, v] = (w, v)δ for all v

belonging to the kernel of the form Bλ;m, then u ∈ D(Aλ;m) and Aλ;mu =
w.

Let f ∈ L2, δ(Rn). Then f ∈ H− and therefore Rm(λ)f ∈ H+ and due to
equality (3.22)

exp(iθm)Bλ;m[Rm(λ)f, v] = ⟨f, v⟩, v ∈ H+. (3.48)

By virtue of statement I), it follows from equality (3.48) that Aλ;mRm(λ)f =
f, ∀f ∈ L2, δ(Rn). Hence,

Rm(λ)f = A−1
λ;mf, f ∈ L2, δ(Rn). (3.49)

Let Bλ;m is a self-adjoint operator in the space L2, δ(Rn) generated by a symmet-

ric form (3.33). For all u, v ∈ H+ the equality
(
B

1/2
λ;mu,B

1/2
λ;mv

)
δ
= B̃λ;m[u, v] holds.

From here, with u(x) = v(x), taking into account the equality (3.33), we obtain∥∥∥B1/2
λ;mu;L2, δ(Rn)

∥∥∥2 = Re
{
exp(iθm)Bλ;m[u, u]

}
(λ ≥ λ0 > 0).

Next, applying inequality (3.19), we find∥∥∥B1/2
λ;mu;L2, δ(Rn)

∥∥∥ ≥ C ∥u;H+∥ (λ ≥ λ0 > 0)

for all u ∈ H+. This implies the invertibility of the operator B
1/2
λ;m for λ ≥ λ0 > 0.

Using [24, ch. 6, Theorem 3.2], we obtain the representation

A−1
λ;m = B

−1/2
λ;m Xm(λ)B

−1/2
λ;m (λ ≥ λ0 > 0), (3.50)

where Xm(λ) : L2, δ(Rn) → L2, δ(Rn) is some bounded operator, and its norm
∥Xm(λ)∥ is not exceeds the numbers M1 > 0, independent of λ ∈ [λ0,∞).

Lemma 3. There is a positive function ω1(λ), λ > 0, such that

|Kλ[F, v]| ≤ ω1(λ) ∥F ;H−∥ · ∥v;H+∥ (3.51)

for all F ∈ L2, δ(Rn), v ∈ H+, and ω1(λ) → 0 for λ→ ∞.

Proof. We rewrite equality (3.31) in the form

Kλ[F, v] =

=

∞∑
m=1

exp(iθm)
∑(1)

Ck′′

k′

(
dαjaklmφ

(k′)
m U

(k′′)
m,λ , d

αjv(l)
)
, (3.52)

where

Um,λ(x) = (Rm(λ)ΦmF )(x), m = 1, 2, . . . ,

and the symbol
∑(1)

denotes summation over multi-indices k, l, k′, k′′ such that
k = k′ + k′′, k′ ̸= 0, |k| = |l| = j ∈ J .

21



SULAIMON ISKHOKOV AND BAKHTOVAR RAKHMONOV

Let F ∈ L2, δ(Rn). Using equalities (3.29), (3.49) – (3.52), we have

Kλ[F, v] =

=

∞∑
m=1

∑(1)
Ck′′

k′ exp(iθm)
(
d−|k|aklmφ

(k′)
m Dk′′

A−1
λ;mΦmF, d

−|l|v(l)
)
αj+j

=

=

∞∑
m=1

∑(1)
Ck′′

k′ exp(iθm)×

× (d−|k|aklmφ
(k′)
m Dk′′

B
−1/2
λ;m Xm(λ)B

−1/2
λ;m ΦmF, d

−|l|v(l)(x))αj+j .

Next, applying [22, Lemma 2.2] and the Cauchy-Bunyakovsky inequality, we have

|Kλ[F, v]| ≪ Λn sup
m=1, 2, ...

∑(3) ∥∥Tl,k′,k′′,m(λ)Vm,λ;L2, αj+j(Rn)
∥∥×

×
∥∥∥d−|l|v(l)(x);L2, αj+j(Rn)

∥∥∥ , (3.53)

where

Tl,k′,k′′,m(λ) = d−|k′|−|k′′|φ(k′)
m aklmD

k′′
B

−1/2
λ;m ,

Vm,λ(x) = Xm(λ)B
−1/2
λ;m (φmF )(x), (3.54)

and the symbol
∑(3)

denotes summation over multi-indices k′, k′′, l such that
|k′|+ |k′′| = |l| = j ∈ J and k′ ̸= 0.

Because ∥∥∥d−|l|v(l)(x);L2, αj+j(Rn)
∥∥∥ ≤ ∥v;H+∥ (v ∈ C∞

0 (Rn))

for any multi-index l : |l| = j ∈ J , then from (3.53) the inequality follows

|Kλ[F, v]| ≪

≪ ∥v;H+∥ sup
m=1, 2, ...

∑(3) ∥∥∥Tk′

l,k′,k′′m(λ)Vm,λ;L2, αj+j(Rn)
∥∥∥ , (3.55)

Let λ0 be the same number as in (3.37). Then for λ > λ0 due to equality (3.36)
we have∥∥∥B1/2

λ;mu;L2, δ(Rn)
∥∥∥2 = Re

{
exp(iθm)Bλ;m[u, u]

}
=

= Re
{
exp(iθm)Bλ0;m[u, u]

}
+ cos(θm)(λ− λ0)

∫
d2δ(x)|u(x)|2dx ≥

≥ Re
{
exp(iθm)Bλ0;m[u, u]

}
=

∥∥∥B1/2
λ0;m

u;L2, δ(Rn)
∥∥∥2 . (3.56)

It follows that for λ ≥ λ0 the operator B
1/2
λ0;m

B
−1/2
λ;m is a bounded operator and its

norm does not exceed one. Since the operator Bλ;m is self-adjoint for all values of
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λ ≥ 1, then for λ ≥ λ0 the operator B
−1/2
λ;m B

1/2
λ0;m

is also a bounded operator, and
its norm does not exceed one. Taking this into account, we have∥∥∥B−1/2

λ;m (φmF );L2, δ(Ω)
∥∥∥ ≤

≤
∥∥∥B−1/2

λ;m B
1/2
λ0;m

∥∥∥×
∥∥∥B−1/2

λ0;m
(φmF );L2, δ(Ω)

∥∥∥ ≪

≪
∥∥∥B−1/2

λ0;m
(φmF );L2, δ(Ω)

∥∥∥ . (3.57)

Let Ω be some region in Rn. The norm in the space L2(Ω) can be specified
using the equality

∥f ;L2(Ω)∥ = sup |(f, v)|, (3.58)

where the supremum is taken over all v ∈ L2(Ω) such that ∥v;L2(Ω)∥ = 1. Since
C∞

0 (Ω) is dense in L2(Ω), then in equality (3.58) we can assume that the supremum
is taken over all v ∈ C∞

0 (Ω), such that ∥v;L2(Ω)∥ = 1.
In equality (3.58) we replace f with dδf and v with dδv and get the equality

∥f ;L2, δ(Ω)∥ = sup |(f, v)δ|, (3.59)

where the supremum is taken over all v ∈ C∞
0 (Ω) such that ∥v;L2, δ(Ω)∥ = 1.

For λ = λ0, from equality (3.34) we have
(
B

1/2
λ0;m

u,B
1/2
λ0;m

v
)
δ
= B̃λ0;m[u, v], On

the other side,

B̃λ0;m[u, u] ≫ ∥u;H+∥2 ,∣∣∣B̃λ0;m[u, v]
∣∣∣ ≤ (M0 + λ0) ∥u;H+∥ · ∥v;H+∥

for all u, v ∈ C∞
0 (Rn). Therefore, according to the Lax-Milgram theorem, the

equation B̃λ0;m[u, v̂] = (w, v̂)δ ∀v̂ ∈ C∞
0 (Rn) has a solution for any w ∈ L2, δ(Rn).

Therefore, the function v ∈ C∞
0 (Rn) in (3.59) can be represented as v = B

1/2
λ0;m

w,

that is ∥f ;L2, δ(Rn)∥ = sup
∣∣∣(f,B1/2

λ0;m
w
)
δ

∣∣∣ , where the supremum is taken over all

w ∈ C∞
0 (Rn) such that

∥∥∥B1/2
λ0;m

w;L2, δ(Rn)
∥∥∥ = 1.

On the other hand, in class C∞
0 (Rn) the norms ∥v;H+∥ and

∥∥∥B1/2
λ0;m

v;L2, δ(Rn)
∥∥∥

are equivalent. Therefore∥∥∥B−1/2
λ0;m

(φmF );L2, δ(Rn)
∥∥∥ = sup

∣∣∣(B−1/2
λ0;m

(φmF ), w
)
δ

∣∣∣ =
= sup

∣∣∣(B−1/2
λ0;m

(φmF ), B
1/2
λ0;m

v
)
δ

∣∣∣ ≪ sup |(φmF, v)δ | ≪

≪ ∥φmF ;H−∥ ≪ ∥F ;H−∥ , (3.60)

where the first supremum is taken over all w ∈ C∞
0 (Rn) : ∥w;L2, δ(Rn)∥ = 1, the

second supremum is over all v ∈ C∞
0 (Rn) :

∥∥∥B1/2
λ0;m

w;L2, δ(Rn)
∥∥∥ = 1, and the third

supremum is over all v ∈ C∞
0 (Rn) : ∥v;H+∥ = 1.

Due to (3.57) from (3.60) the inequality follows ∥Vm,λ;L2, δ(Rn)∥ ≤M ∥F ;H−∥ ,
which is valid for λ ≥ λ0, where λ0 ≥ 1 is some finite number.
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Since δ ≤ αj + j for all j ∈ J , then dαj+j(x) ≤ dδ(x) and from the resulting
inequality follows that∥∥Vm,λ;L2, αj+j(Rn)

∥∥ ≤M ∥F ;H−∥ (u ∈ H+, j ∈ J, λ ≥ λ0) . (3.61)

From statement B) of Lemma 2 (see (3.35)) and equality (3.54) it follows that

lim
λ→∞

∥Tl,k′,k′′m(λ)∥ = 0. (3.62)

In view of this equality, from (3.55), (3.61), (3.60) we obtain

|Kλ[F, v]| ≪
≪ sup

m=1, 2, ...
sup

|k′|+|k′′|=j∈J; k′ ̸=0

∥Tl,k′,k′′,m(λ)∥ · ∥Vm,λ;L2, δ(Rn)∥ ∥v;H+∥ ≤

≤ ω1(λ) ∥F ;H−∥ · ∥v;H+∥

for all F ∈ L2, δ(Rn), v ∈ H+, and ω1(λ) → 0 at λ→ ∞.
Thus, the estimate (3.51) is proven, which completes the proof of Lemma 3.

□

Lemma 4. There is a positive function ω2(λ), λ > 0, such that

|Lλ[F, v]| ≤ ω2(λ0) ∥F ;H−∥ · ∥v;H+∥ (3.63)

for all λ ≥ λ0 and for all F ∈ L2, δ(Rn), v ∈ H+. A positive function ω2(λ0) such
that ω2(λ0) → 0 for λ0 → ∞.

Proof. We represent the sesquilinear form (see (3.32)) Lλ[F, v] in the form

Lλ[F, v] =

∞∑
m=1

exp(iθm)
∑

|k|=|l|=j∈J

∑(2)

l
Il

′,l′′

λ; k,m[F, v], (3.64)

where

Il
′,l′′

λ; k,m[F, v] = Cl′′

l′

(
d−|k|aklmU

(k)
m,λ, d

−|l′|−|l′′|φ(l′)
m v(l

′′)
)
αj+j

.

Since (see (3.49), (3.50))

Rm(λ) = A−1
λ;m = B

−1/2
λ;m Xm(λ)B

−1/2
λ;m (λ ≥ λ0 > 0),

then the form Il
′,l′′

λ; k,m[F, v] can be written as

Il
′,l′′

λ; k,m[F, v] =
(
d−|k|aklmD

kB
−1/2
λ;m Xm(λ)B

−1/2
λ;m ΦmF, d

−|l′|−|l′′|φ(l′)
m Dl′′v

)
αj+j

.

Further, using the notation (3.54) we have

Il
′,l′′

λ; k,m[F, v] =
(
d−|k|aklmD

kB
−1/2
λ;m Vm,λ, d

−|l′|−|l′′|φ(l′)
m Dl′′v

)
αj+j

.

Since Dl′′v = Dl′′B
−1/2
λ0;m

B
1/2
λ0;m

v and Bλ0;m is a self-adjoint operator, then

Il
′,l′′

λ; k,m[F, v] =

=
(
B

−1/2
λ0;m

Dl′′φ(l′)
m d−|k|−|l′|−|l′′|aklmD

kB
−1/2
λ;m Vm,λ, B

1/2
λ0;m

v
)
αj+j

. (3.65)
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In the process of proving Lemma 3, we used the notation (see (3.54) )

Tl,k′,k′′,m(λ) = d−|k′|−|k′′|φ(k′)
m aklmD

k′′
B

−1/2
λ;m

and proved that (see (3.62))

lim
λ→∞

∥Tl,k′,k′′,m(λ)∥ = 0 (3.66)

for |k′|+ |k′′| = j ∈ J ; k′ ̸= 0. Hence,

Tk,l′,l′′,m(λ0) = d−|l′|−|l′′|φ(l′)
m aklmD

l′′B
−1/2
λ0;m

and

T∗
k,l′,l′′,m(λ0) = B

−1/2
λ0;m

Dl′′φ(l′)
m d−|l′|−|l′′|aklm.

Since the norm of the bounded operator coincides with the norm of the conjugate
operator, it follows from (3.66) that

lim
λ0→∞

∥T∗
l′,l′′,m(λ0)∥ = 0 (3.67)

for |l′|+ |l′′| = j ∈ J ; l′ ̸= 0.
Using the introduced notation, equality (3.65) is written in the form

Il
′,l′′

λ; k,m[F, v] =
(
T∗

l′,l′′,m(λ0)d
−|k|DkB

−1/2
λ;m Vm,λ, B

1/2
λ0;m

v
)
αj+j

.

Future we introduce a notation

Pm,λ0,k = d−|k|DkB
−1/2
λ0;m

and write the resulting equality in the form

Il
′,l′′

λ; k,m[F, v] =
(
T∗

k,l′,l′′,m(λ0)Pm,λ0,kB
1/2
λ0;m

B
−1/2
λ;m Vm,λ, B

1/2
λ0;m

v
)
αj+j

. (3.68)

From (3.56) it follows that for λ ≥ λ0 the operator B
1/2
λ0;m

B
−1/2
λ;m is a bounded

operator and its norm does not exceed one. On the other hand, according to part
A) of Lemma 2, the operator Pm,λ0,k is bounded. Therefore, from (3.68) we have∣∣∣Il′,l′′λ; k,m[F, v]

∣∣∣ ≤
≤M2 ∥T∗

k,l′,l′′,m(λ0)∥
∥∥Vm,λ; L2, αj+j(Rn)

∥∥ ·
∥∥∥B1/2

λ0;m
v; L2, αj+j(Rn)

∥∥∥ (3.69)

for all λ ≥ λ0.
Previously, when proving Lemma 3, we proved that (see (3.61)),

∥Vm,λ;L2, δ(Rn)∥ ≤M3 ∥F ;H−∥ ,

for λ ≥ λ0, where λ0 ≥ 1 is a finite number and∥∥∥B1/2
λ0;m

v; L2, δ(Rn)
∥∥∥ ≤M4 ∥v; H+∥

for all v ∈ H+. Due to these inequalities, it follows from (3.69) that∣∣∣Il′,l′′λ; k,m[F, v]
∣∣∣ ≤M5 ∥T∗

k,l′,l′′,m(λ0)∥ ∥F ;H−∥ · ∥v; H+∥
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for all λ ≥ λ0 and for all F ∈ L2, δ(Rn), v ∈ H+. Introducing a notation δ∗(λ0) =
M5 sup ∥T∗

k,l′,l′′,m(λ0)∥ , we get∣∣∣Il′,l′′λ; k,m[F, v]
∣∣∣ ≤ δ∗(λ0) ∥F ;H−∥ · ∥v; H+∥ (3.70)

for all λ ≥ λ0 and for all F ∈ L2, δ(Rn), v ∈ H+.
From (3.67) it follows that δ∗(λ0) → 0 for λ0 → 0. Therefore, choosing the

number λ0 large enough, from (3.70) and (3.64) by virtue of [22, Lemma 2.2] we
obtain (3.63).

□

Applying the inequalities (3.51), (3.63), established, respectively, in Lemmas 3
and 4, from (3.30) we obtain

|⟨R(λ)F, v⟩ − ⟨F, v⟩| ≤ (ω1(λ) + ω2(λ0)) ∥F ;H−∥ · ∥v;H+∥

for all F ∈ L2, δ(Rn), v ∈ H+. Since ω1(λ) → 0 at λ → ∞ and ω2(λ0) → 0 for
λ0 → ∞, then there is a number λ0 ≥ 1 such that

|⟨R(λ)F, v⟩ − ⟨F, v⟩| ≤ 1

2
∥F ;H−∥ · ∥v;H+∥ (3.71)

for any λ ≥ λ0 and for all F ∈ L2, δ(Rn), v ∈ H+. Since, by the definition of
the space H−, the space L2, δ(Rn) is densely embedded in H−, then the estimate
(3.71) true for every F ∈ H−.

From the estimate (3.71) it follows that for λ > λ0 the operator G(λ) = R(λ)−
E, acting from H− to H− is bounded and its norm does not exceed 1/2. Therefore
the operator R(λ) : H− → H− is continuously invertible and R−1(λ) = (E +
G(λ))−1.

The operator Rm(λ) acts from H− to H+. Therefore, from (3.24) it follows
that the operator R(λ) also acts from H− to H+. Therefore, for any functional
F ∈ H− the function U(x) defined by the equality

U = R(λ)R−1(λ)F (λ ≥ λ0), (3.72)

belongs to the space H+.
Further we will assume that λ ≥ λ0 and λ0 are some sufficiently large number.

Then from equality (3.24) it follows that Bλ[R(λ)R−1(λ)F, v] = ⟨F, v⟩ for all
v ∈ C∞

0 (Rn). Therefore, for λ ≥ λ0, the function U(x) defined by the equality
(3.72) satisfies the equality Bλ[U, v] = ⟨F, v⟩ ∀v ∈ C∞

0 (Rn). This means that the
function (3.72) is a solution to the problem Dλ. Since for λ ≥ λ0 operator R−1(λ)
is bounded, then from (3.23) and (3.24) it follows that the function (3.72) satisfies
estimate (2.6) of the main Theorem.

Thus, we have proven that the problem Dλ for λ ≥ λ0 has a solution for any
given functional F ∈ H−, and it satisfies the inequality (2.6).

Now we proceed to the proof of the uniqueness of the solution to the problem
Dλ.

Consider the conjugate problem: for a given functional F ∈ H− find the function
U1 ∈ H+ satisfying the equality

Bλ[v, U1] = ⟨F, v⟩ ∀v ∈ H+. (3.73)
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Since the coefficients of the bilinear form Bλ[v, U1] satisfy the conditions of the
theorem 1, proceeding in the same way as above, we can construct the operators
R∗(λ), R∗(λ) such that the function U1 = R∗(λ)R∗(λ)

−1F
(λ ∈ [λ∗0,∞)) belongs to the space H+ and satisfies the equation (3.73).

Let the function u ∈ H+ be a solution to the equation

Bλ[u, v] = 0 (∀v ∈ H+), (3.74)

where λ ≥ λ′0 = max{λ∗0, λ0}. Let F be an arbitrary element of space H−. Since
U1 = R∗(λ)R∗(λ)

−1F belongs to the space H+, then, putting v = U1 in (3.74),

we obtain Bλ[u, U1] = 0, that is Bλ[u, U1] = 0. On the other hand, the function
U1 = R∗(λ)R∗(λ)

−1F satisfies (3.73). Therefore ⟨F, u⟩ = 0 for all F ∈ H+. Taking
into account the embedding H+ → H− and setting F = u, we have ⟨u, u⟩ = 0,
that is, u = 0.

The main theorem is completely proven.
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