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Abstract. This paper examines the velocity and equilibrium temperature
of a stationary wave of filtration combustion of gases as a function of the

fuel-equivalent ratio. Calculations of the stationary wave velocity and equi-

librium temperature were performed using previously obtained relationships.
The calculations revealed that positive values ??of the hydrogen-air mixture

wave velocity, and consequently, superadiabatic equilibrium temperatures,

occur only for sufficiently saturated or extremely fuel-lean mixtures. During
combustion of a methane-air mixture, both copropagation and counterprop-

agation of the combustion wave occur. The equilibrium temperature of the

methane-air mixture is higher than that of hydrogen-air and propane-air mix-
tures, and the superadiabatic temperature is achieved in the fuel-rich region,

at less saturated mixture compositions. The stationary wave of filtration
combustion of a propane-air mixture predominantly propagates in a coun-

terpropagation direction and exhibits subadiabatic equilibrium combustion

temperatures.

1. Introduction

Introduction. During gas combustion, the balance of air and combustible gas
plays a crucial role. When these two primary combustion components are in bal-
ance, that is, during a stoichiometric reaction, the maximum flame temperature,
maximum reaction rate, and greatest chemical activity are achieved. However,
combustion does not always occur with a stoichiometric ratio of components.
Most often, an imbalance occurs, leading to a decrease in combustion temper-
ature, flame instability, the formation of harmful combustion products (during
hydrocarbon combustion), and, ultimately, a decrease in the combustion efficiency
of combustible gases. Therefore, when studying gas combustion, it is important
to consider cases of fuel deficiency or excess [1-4].
Typically, studies of gas combustion, including filtration combustion, taking into
account the fuel-to-fuel ratio are conducted experimentally [5-8]. While experimen-
tal studies provide a relatively accurate understanding of the process, they have
limited ability to vary the parameters that influence combustion characteristics.
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This shortcoming of experimental studies is particularly noticeable in filtration
combustion, as this type of combustion is characterized by its multiparameter na-
ture. Therefore, it is necessary to develop a theoretical approach to studying the
influence of the fuel-to-fuel ratio on the characteristics of the filtration combustion
wave. The developed theoretical approach would allow for studies to be conducted
over the widest possible range of parameters influencing filtration combustion, en-
abling a more detailed study of the combustion process. Therefore, the search for
the development of such a theoretical approach is highly relevant.
This paper proposes a theoretical approach to studying the effect of the fuel-to-
fuel ratio on the velocity and temperature of the steady-state combustion wave
of gases. Based on this approach, we calculate the wave velocity and equilibrium
temperature with varying fresh mixture injection rates. Hydrogen, methane, and
propane-air mixtures are considered.

2. Mathematical model

In the work [9] a single-temperature stationary mathematical model of filtration
combustion of gases was considered, recorded in a moving at a constant speed U
coordinate system [10, 11]

(ρ10cp(υ10 − U) + ρ2c2U)
dT

dx
=

d

dx
((α1λ1 + α2λ2)

dT

dx
) + ρ1QJ,

(ρ10(υ10 − U))
dη1(i)

dx
=

d

dx
((ρ1D(i))

dη1(i)

dx
) + ρ1ζ1(i)J, i = 1, 2, 3, ..., k,

J = η1(k∗)k0exp(−E/(RT )), ρ1T1 = ρ10T0,

ζ1(i) = −
g1(i)(ν′′1(i) − ν′1(i))

g1(k∗)(ν′′1(k∗) − ν′1(k∗))
,

(2.1)

with boundary conditions

x = −∞ :, T = T0, , η1(i) = η1(i)0, ,
dT

dx
= 0, ,

dη1(i)

dx
= 0,

x = +∞ :, T = Te, , η1(i) = η1(i)e, ,
dT

dx
= 0, ,

dη1(i)

dx
= 0,

(2.2)

Here T , — ambient temperature; η1(i) — mass concentration of the i-th compo-
nent of the gas mixture; η1(k∗) — mass concentration of the missing component;
υ10 — gas flow rate in pores; ρ10, cp — the reduced density and heat capacity
of the gas mixture, respectively; ρ2, c2 — the same values for a porous medium;
λ1, λ2 — thermal conductivity coefficients of gas and porous medium; α1, α2 —
volumetric contents of gas and porous medium; Q — thermal effect of a chemical
reaction; J — the rate of a chemical reaction; E — activation energy; R — uni-
versal gas constant; k0 — pre-exponent; ν′1(i), ν′′1(i) — stoichiometric coefficients
of the initial and final substances, respectively; g1(i) — molecular weights of the
components of the gas mixture; T0 — ambient temperature; ρ1 — mixture density;
D1(i) — diffusion coefficient of the i-th component of the gas mixture.
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As a result of the study of system (1), a relation was obtained for the velocity of
a stationary combustion wave

(υ10 − U)2 =
k0 exp(−1/β)α1γλ1ΛT0

ρ10cpuφη1(k∗)0Te
×

×(η1(k∗)0 +
η1(k∗)e − η1(k∗)0

1 +A(k∗)
+ (η1(k∗)e − η1(k∗)0)

k∑
i=1

η1(i)e − η1(i)0

1 +A(2) +A(i)
+

+η1(k∗)0

k∑
i=1

η1(i)e − η1(i)0

1 +A(i)
),

(2.3)

where

A(i) =
γ

Leeff(i)uφ
, Leeff(i) =

Lei
Λ

, Λ = 1 +
α2λ2

α1λ1
, Lei =

D1(i)ρ10cp

α1λ1
,

uφ = 1− φ

u0 − 1
, φ =

ρ2c2
ρ10cp

, u0 =
υ10
U

, β =
RTe

E
, γ =

RT 2
e

E(Te − T0)
,

Te =
Q(η1(k∗)0 − η1(k∗)e)

cpuφ
.

This study assumes that thermal conductivity and convective heat transfer
make the primary contributions to combustion wave propagation in a porous block,
while the influence of diffusion processes is considered insignificant. In this case,
from relation (2), as the diffusion coefficients of the components tend to zero, i.e.,
if these coefficients are neglected, one can obtain a relation for the combustion
wave velocity

(υ10 − U)2 =
k0 exp(−1/β)α1γλ1ΛT0

ρ10cpuφTe
. (2.4)

A theoretical approach to studying the influence of the fuel-fuel ratio. As a
rule, the fuel-fuel ratio is determined relative to the stoichiometric mixture using
the formula [5]

ϕ =
ηf

1− ηf
:

ηf,cm
1− ηf,cm

. (2.5)

Here ηf , ηf,cm — concentration and stoichiometric concentration of combustible
gas in the gas-air mixture, 1 − ηf , 1 − ηf,cm — concentration and stoichiometric
concentration of air in the gas-air mixture. At ϕ < 1 the mixture is considered
lean in fuel, and when ϕ > 1 — rich. The stoichiometric mixture corresponds to
the case ϕ = 1. Meaning ηf,cm is determined from the stoichiometric equation,
and ηf determined at a given value ϕ.
The equilibrium temperature of the medium (gas mixture + porous medium) is
determined by the formula
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Te =
Q(η1(k∗)0 − η1(k∗)e)

cpuφ
. (2.6)

In formula (2.6) η1(k∗)0 — initial concentration of the reacting component,
η1(k∗)e the remainder of the reacting component, η1(k∗)0−η1(k∗)e — the amount of
the reacting component entering into the reaction. When burning a hydrogen-air
mixture, we’ll assume that oxygen is the reactant. Therefore, to determine the
equilibrium combustion temperature of a hydrogen-air mixture, it’s necessary to
find the amount of oxygen involved in the chemical reaction. In a fuel-rich region
(ϕ > 1) there is a shortage of oxygen, so all of it will be spent in a chemical reaction
η1(k∗)e = 0. Hence, in formula (2.6) the initial concentration of hydrogen is taken
into account (η1(k∗)0 = (1− ηf ) · 0.21). In a fuel-poor region (ϕ < 1) the amount
of oxygen for the reaction is excessive, therefore it is necessary to determine the
amount of oxygen entering into the chemical reaction. It is assumed that (this
assumption is confirmed by calculations) ϕ < 1 the amount of oxygen entering
into the reaction is proportional to the stoichiometric oxygen consumption, that
is

1− ηf =
1− ηf,cm
ηf,cm

ηf .

From here at ϕ < 1 in formula (2.6) is taken

η1(k∗)0 − η1(k∗)e =
1− ηf,cm
ηf,cm

ηf .

In the case of filtration combustion of methane and propane-air mixtures, the
combustible gas will be considered the reactant component. Therefore, the com-
bustion of methane and propane-air mixtures is considered in reverse order.At
ϕ < 1 there is a shortage of combustible gas, so it will be completely used up.
Thus, the remainder is zero (η1(k∗)e = 0) and in formula (2.6) we take into ac-
count that η1(k∗)0 = ηf . In a fuel-rich area (ϕ > 1), it is also assumed that the
consumption of combustible gas is comparable to the consumption of combustible
gas in a stoichiometric mixture, and is determined as follows ηf,cm − (ηf − ηf,cm).
Thus, when ϕ > 1 formula (2.6) takes into account

η1(k∗)0 − η1(k∗)e = ηf,cm − (ηf − ηf,cm).

When studying the combustion process of gases in air depending on the fuel
excess ratio, it is important to take into account changes in the thermophysical
properties of the mixture, namely, density, thermal conductivity, and heat capacity,
since these characteristics of the mixture change with a change in the concentration
of combustible gas in the mixture. In this work, the density, thermal conductivity,
and heat capacity of the mixture depending on the fuel excess ratio are calculated
using the following approximate formulas [12], respectively
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ρs =
1 + (1/ϕ)L0

1/ρf + 1/ρa
, λs =

λf + (1/ϕ)L0λa

1 + (1/ϕ)L0
, cp,s =

cp,f + (1/ϕ)L0cp,a
1 + (1/ϕ)L0

where ρf , λf , cp,f — density, thermal conductivity and heat capacity of the
combustible gas, respectively, ρa, λa, cp,a — density, thermal conductivity and
heat capacity of air, respectively, L0 - stoichiometric air consumption per kg of
combustible gas.
The thermal effect of the reaction for each mixture was determined based on the
stoichiometric coefficients and heat generation of the components of the chemical
reaction, according to the formula:

Q = Σn
k=1ν′′1(k)ik − Σm

k=1ν′1(k)jk,
where ik and jk — heat generation of the final and initial products of a chemical
reaction, respectively.

3. Results and their discussion

Calculation results and discussion. The wave velocity and equilibrium temper-
ature of hydrogen-, methane-, and propane-air mixtures were determined, respec-
tively, by relations (4) and (6). The excess fuel coefficient for the hydrogen-air
mixture was set from 0.1 to 6, with a step of 0.1, which corresponds to a hydro-
gen concentration in the mixture from 4 % to 72 %. For methane and propane,
the coefficient varied from 0.4 to 2.2 and from 0.4 to 2, also with a step of 0.1,
respectively, while their concentrations changed from 4 % to 19 % for methane
and from 2 % to 8 % for propane. Note that in Fig. 1-3, negative values of the
wave velocity correspond to counter-propagation relative to the flow of the freshly
injected mixture, and positive values correspond to co-propagation.
The reliability of the obtained results is confirmed by the fact that the obtained
results in the form of dependence curves have the same tendency with the experi-
mental data, and the same orders of wave speed as in the experiment [6].
The calculations were carried out using the following values of the physical and
chemical parameters of the porous medium and gas mixture [13]:

1)hydrogen : α1 = 0.5, α2 = 0.5, ρ010 = 0.04 kg/m3, ρ020 = 3000 kg/m3,

cp = 14200 J/(kgK), c2 = 660 J/(kgK), T0 = 320, λ1 = 0.168 W/(m2K),

λ2 = 0.2 W/(m2K), E = 126000 J, Q = 2.68 · 107 J, k0 = 5 · 1010 s−1,

R = 8.314 J/(molK).

2)methane : α1 = 0.5, α2 = 0.5, ρ010 = 0.641 kg/m3, ρ020 = 3200 kg/m3,

cp = 2180 J/(kgK), c2 = 800 J/(kgK), T0 = 320, λ1 = 0.031 W/(m2K),

λ2 = 4 W/(m2K), E = 226000 J, Q = 3.107 · 107 J, k0 = 1011 s−1,

R = 8.314 J/(molK).

3)propane : α1 = 0.5, α2 = 0.5, ρ010 = 1.764 kg/m3, ρ020 = 3200 kg/m3,

cp = 1570 J/(kgK), c2 = 800 J/(kgK), T0 = 320, λ1 = 0.015 W/(m2K),

λ2 = 4 W/(m2K), E = 131000 J, Q = 7.807 · 107 J, k0 = 5.4 · 1013 s−1,
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R = 8.314 J/(molK).

4)air : ρ0a = 1.163 kg/m3, cp,a = 1006 J/(kgK), λa = 0.025 W/(m2K).

As can be seen from Fig. 1a for low injection speeds (from 0.1 to 0.5 m/s) for all
values ϕ the velocity of the hydrogen-air mixture wave is negative, which corre-
sponds to the counter-movement of the combustion wave. Increasing the injection
speed from 0.5 to 1.45 m/s increases the counter-movement velocity by an order of
magnitude 10−3 m/s, and a further increase in the injection speed (6 m/s) showed
that the wave speed does not exceed this order. Moreover, an increase in the in-
jection speed from 0.5 to 6 m/s contributes to the emergence of regions ϕ, where
co-movements of the combustion wave are possible. However, it should be noted
that these positive regions of wave velocity values appear only when ϕ > 1. In a
fuel-poor region, with the injection speed varying from 0.1 to 6 m/s, co-current
motion occurs only at the lower concentration limit of hydrogen ignition, that
is, at ϕ = 0.1, which corresponds 4% percent of hydrogen in the mixture. The
change in the equilibrium temperature of the combustion wave of the hydrogen-air
mixture is shown in Fig. 1b. Negative values of the wave velocity correspond to
subadiabatic values of the equilibrium temperature. Since for low injection speeds
(from 0.1 to 0.5 m/s) and for all values ϕ if only negative wave velocities occur,
then subadiabatic equilibrium temperatures are achieved. Superadiabatic temper-
atures can be achieved by increasing the injection rate, but only with sufficiently
rich or extremely lean fuel mixtures.

Figure 1. Curves of the dependence of the wave velocity (a) and the equilibrium
temperature (b) of the hydrogen-air mixture on the excess fuel coefficient with

varying mixture injection speed: 1−−− 0.5, 2−−− 1, 3−−− 1.45m/s.

Looking at the curves of the methane-air mixture wave velocity (Fig. 2a), it
can be seen that within the range of variation of the fuel excess ratio, both co-
propagation of the combustion wave and counter-propagation of the combustion
wave occur. Co-propagation of the combustion wave occurs predominantly at
ϕ > 1. In the fuel-poor region, as in the case of a hydrogen-air mixture, positive
values ??of the wave velocity occur at relatively high injection rates and the lower
concentration limit of methane, that is, ϕ = 0.4, which corresponds 4% methane in
the mixture. Note that, compared to the hydrogen-air mixture, co-propagation for
the methane-air mixture takes place starting from ϕ > 1.6, and for a hydrogen-air
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mixture — ϕ > 4.7, which is closer to stoichiometry for methane than for hydro-
gen. Here, the wave velocity is an order of magnitude lower than for a hydrogen-air
mixture. Furthermore, the equilibrium temperature of a methane-air mixture is
higher than for a hydrogen-air mixture, and the superadiabatic temperature is
realized in the fuel-rich region, at less saturated mixture compositions, that is,
starting from ϕ > 1.6 (Fig. 2b). For comparison, with a hydrogen-air mixture, su-
peradiabatic temperatures are realized in sufficiently fuel-saturated compositions,
that is, starting from ϕ > 4.7.

Figure 2.Curves of the dependence of the wave velocity (a) and the equilibrium
temperature (b) of the methane-air mixture on the excess fuel coefficient with
varying mixture injection speed: 1 — 0.24, 2 — 0.3, 3 — 0.45, 4 — 0.6 m/s.

The velocity of the combustion wave of the propane-air mixture in the range of
change ϕ is negative, with the exception of the extreme point on the right, which
corresponds to a concentration close to the upper flammability limit (Fig. 3,a).
This trend is observed both for low injection speeds (0.1 m/s) and for relatively
high ones (2 m/s). A further increase in the injection speed leads to an increase in
the wave velocity towards the flow of the freshly injected mixture. Note that the
combustion of the propane-air mixture under the conditions under consideration is
accompanied by a lower equilibrium temperature, compared to hydrogen-air and
methane-air mixtures, and in almost the entire region ϕ subadiabatic temperatures
are realized (Fig. 3b). Superadiabatic temperatures are possible only when the
mixture composition is sufficiently saturated with fuel (the extreme point ϕ on the
right (Fig. 3a))
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Figure 3.Curves of the dependence of the wave velocity (a) and the equilibrium
temperature (b) of the propane-air mixture on the excess fuel coefficient with

varying mixture injection speed: 1 — 0.52, 2 — 0.66, 3 — 0.79 m/s.

Calculations have shown that superadiabatic equilibrium temperatures during
the combustion of a hydrogen-air mixture can be achieved by increasing the in-
jection rate or significantly saturating the mixture with fuel. However, if the in-
jection rate is increased sufficiently, superadiabatic equilibrium temperatures can
be achieved even with fairly fuel-lean hydrogen-air mixture compositions. During
methane combustion, superadiabatic equilibrium temperatures can be achieved
both at low and relatively high injection rates, and at less saturated mixture com-
positions. The stationary wave of filtration combustion of a propane-air mixture
has a counter-propagating motion for almost all the mixture compositions consid-
ered, and, as a result, is accompanied by subadiabatic equilibrium temperatures.
According to the calculations, the co-propagating motion of the stationary wave
is possible only for one propane-air mixture composition, corresponding to ϕ = 2.
Increasing the injection rate does not result in positive wave velocity values in
other propane-air mixture compositions other than ϕ = 2.

4. Conclusions

The calculations carried out using relations (4) and (6) lead to the following
conclusions:

• the velocity of a stationary wave of a hydrogen-air mixture at low injection
rates (from 0.1 to 0.5 m/s) has only negative values (of the order of 10−5 to
10−4 m/s), which corresponds to the counter-movement of the wave rela-
tive to the freshly injected mixture, and as a consequence, is accompanied
by subadiabatic temperatures; an increase in the injection rate from 0.5
to 6 m/s increases the speed of the counter-movement of the wave to the
order of 10−3 m/s, and contributes to the emergence of regions ϕ, where
co-current wave motions are possible, which leads to the realization of su-
peradiabatic equilibrium temperatures; positive values of the hydrogen-air
mixture wave velocity, and as a consequence, superadiabatic equilibrium
temperatures occur only at sufficiently saturated or too lean fuel mixtures;

• during combustion of a methane-air mixture, both co-propagation and
counter-propagation of the combustion wave occur within the range of
variation of the fuel excess ratio. Co-propagation (positive values) of the
methane-air mixture wave velocity are realized in the fuel-lean region at
relatively high injection velocities (starting from 0.6 m/s). In the fuel-rich
region, the superadiabatic equilibrium temperature is realized at all injec-
tion velocities considered; the equilibrium temperature of the methane-air
mixture is higher than for hydrogen-air and propane-air mixtures, and
the superadiabatic temperature is realized in the fuel-rich region, at less
saturated mixture compositions;

• for all considered propane-air mixture compositions and injection rates, the
wave velocity values have negative values, except for one composition (ϕ =
2), in which the velocity is positive at all injection rates considered. At this
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composition, a superadiabatic equilibrium temperature is achieved, which
is lower than the superadiabatic equilibrium combustion temperatures of
hydrogen-air and methane-air mixtures.

49



KABILOV M.M., GULBOEV F.J., AND GULBOEV B.J.

References

[1] Kartashevich A.N., Malyshkin P.Yu. Influence of gas fuel supply on the environmental
performance of diesel engines, Bulletin of the Belarusian State Agricultural Academy, 3,

110-115 (2013)

[2] Kartashevich A.N., Malyshkin P.Yu. Determination of the optimal excess air coefficient
when a diesel engine operates on gas fuel, Bulletin of the Belarusian State Agricultural

Academy, 1, 121-126, (2015)

[3] Soroka B.S. Efficiency of using gas fuel and oxidizing mixture when moistened, Power En-
gineering. News of higher educational institutions and energy associations of the CIS, 6,

547-564, (2019)
[4] Soroka B.S., Gorupa V.V. Environmental characteristics of modern household fuel use sys-

tems, Power engineering. Proceedings of higher educational institutions and energy associ-

ations of the CIS, 5, 450-461, (2020)
[5] Korzhavin A.A., Bunev V.A., Babkin V.S., Klimenko A.S. Effects of selective diffusion

during flame propagation and extinguishing in a porous medium, Combustion and Explosion

Physics, 4, 50-59, (2005)
[6] Kakutkina N.A., Korzhavin A.A., Mbrava M. Features of filtration combustion of hydro-

gen, propane and methane-air mixtures in inert porous media, Physics of Combustion and

Explosion, 4, 8-20, (2006)
[7] Rybitskaya I.V., Shmakov A.G., Shvartsberg V.M., Korobeynichev O.P. Effect of the fuel

excess ratio on the efficiency of inhibition of laminar mixed hydrogen and hydrocarbon-

air flames by trimethyl phosphate additives, Combustion and Explosion Physics, 2, 14-22,
(2008)

[8] Baklanov A.V. Experimental determination of the excess air coefficient at the outlet of
the burners of a two-zone combustion chamber, Omsk Scientific Bulletin. Series: Aviation,

Rocket and Power Engineering, 3. 107-113, (2025)

[9] Gulboev B.J. Accounting for the diffusion of mixture components during filtration combus-
tion of gases Reports of the Academy of Sciences of the Republic of Tajikistan, 1-2, 34-43,

(2020)

[10] Kabilov M.M., Gulboev B.J. Similarity of temperature and concentration fields in filtration
combustion of gases, Journal of Applied Data Analysis and Modern Stochastic Modelling,

1, 29-38, (2024)

[11] Kabilov M.M. Khalimov I.I., and Shermatova Z.B. Critical diameters of porous medium
particles in non-adiabetic filtration combustion of methane-air mixture, Journal of Applied

Data Analysis and Modern Stochastic Modelling, 1, 17-29, (2025)

[12] Medvedev V.A. , Bergman G.A., Gurvich L.V. et al.; Ed. by: Academician V. P. Glushko
(responsible editor) et al. Thermal constants of substances [Text]: Handbook: In 10 issues.

(Be, Mg, Ca, Sr, Ba, Ra) / 26 p., Moscow: [b. i.], - 574 p, (1965-, 1979)

[13] Ivanov Yu.S. Fire safety of friction sparks and methods for its determination, Emergencies:
prevention and elimination, 5(15), 56-64, (2004)

Kabilov M.M.: Institute of Mathematics named after Academician A. Juraev of the

National Academy of Sciences of Tajikistan
Email address: maruf1960@mail.ru

Gulboev F.J.: Tajik National University
Email address: bakhtiyor-2012@mail.ru

Gulboev B.J.: Institute of Mathematics named after Academician A. Juraev of the
National Academy of Sciences of Tajikistan

Email address: bakhtiyor-2012@mail.ru

50


