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STOCHASTIC MODELS FOR SYSTEMS OF FORWARD
KOLMOGOROV EQUATIONS

YANA BELOPOLSKAYA*

ABSTRACT. Stochastic counterparts of the Cauchy problem for systems of
nonlinear second order parabolic equations written in terms of forward SDEs
and FBSDEs are derived and studied. There are selected two types of nonlin-
ear PDE systems arising in applications and there are developed two different
stochastic approaches to study them. The stochastic approach to systems of
the first type allows to develop a numerical algorithm to construct the Cauchy
problem solutions based on the suitable FBSDE and the neural network tech-
nique. The stochastic approach to systems of the second type extends the
results obtained in the theory of McKean-Vlasov type equations.

1. Introduction

In this paper we derive stochastic interpretations of the Cauchy problem for
several classes of systems of nonlinear parabolic equations.

Namely, we consider the forward Cauchy problem for systems of nonlinear par-
abolic equations and show that one can construct probabilistic representations of
their solutions. We note that probabilistic interpretation could be applied both
to better understanding of a ”physical” nature of the PDE system under consid-
eration and as a mere effective tool to construct an effective numerical scheme
to obtain an approximation of a solution to the PDE system. We put the word
physical in quotes since it is true as well for systems describing chemical, biological
or financial objects.

In this paper we review some known stochastic models associated with the
forward Cauchy problem for systems of nonlinear parabolic equations and suggest
a new one. All the systems considered here belong to the class of the so called
reaction-diffusion systems arising as mathematical models in various fields, namely,
in physics, chemistry, biology and so on and were studied by many authors (see
[1], [2] and references there).

As a matter of fact we consider stochastic systems which underline the forward
Cauchy problem solutions for two types of nonlinear PDE systems. A system of
the first type can be easily reduced to the backward Cauchy problem for a suitable
PDE system while a system of the second type does not allow such a reduction.
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The first type of second order parabolic equation systems includes systems of
the form

ou 1 h o2

87;” = 5 TrB(x, WV + G (2,0) - Vit + > Y Ch(2,u)Viug+ (11

q=1i=1

dy
—i—Zcmq(u)uq = f(t,z,u), um(0,2) = ugm(z),z € R, m=1,...,d,
qg=1

and
v 1 4
a—;n = iTer(x, V)V20p + G (2, 0) - Vo, + qul Cmq(x,v)vg =0, (1.2)

Um (0, 2) = vom ().
Here d, d; are integers, u(t,z) € R™, x € R t € [0,T],

d
Vu(z) = {Viu(z)}l,, Viu= {VQiy_ju}ﬁjzl, TrBV?u = Z Bijvziyju,
i,j=1
Ty = Zle x;y; is the inner product in R?, B = AA* > 0, where A* denotes a
dual matrix.
The forward Cauchy problem (1.1), (1.2) could be easily reduced to the back-
ward Cauchy problem for suitable systems of parabolic equations

Ogm | 1 2 S i
5 T3 B, 9)V gm + am(z,9) - Vgm + ; ; Crg(®,9)Vige+  (1.3)
dy
+Zcmq($79)gq :fm(tax’g)a gm(T»x) :uOm(x)v
q=1
and
Ofm 1 il
=t ~Tr B (z, [V fin + am(z, f) - Vi, + Zcmq(x, £fy=0, (1.4)
ot 2 =

S (T, ) = uom ()
respectively. To this end it is enough to set

U (t, ) = g (T — t,2),  vm(t,x) = fir(T — ¢, ).

Stochastic approach to investigation of scalar equations of this type called
semilinear parabolic equations was developed by M.Freidlin [3]. This approach
was extended to systems of semilinear parabolic equations by by Yu.Dalecky and
Ya.Belopolskaya [4], [5]. In addition, it was extended in [6], to systems of quasilin-
ear and fully nonlinear parabolic equations and systems. We say that an equation

0 1
6—: = §T’I“BU(.’17)V2’U +a¥(x) - Vo+c(z)v, v(0,2)=ug(x)
is semilinear, quasilinear or fully nonlinear if its coefficients have the form

a’(x) = a(z,v), a’(x)=a(z,v,Vv) or a’(x)=a(z,v, Vv, V)
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respectively.

An alternative approach to quasilinear equations was suggested by E.Pardoux
and S.Peng [7], [8] and developed by many authors (see [9] —[11] and references
there). This approach was applied to systems of the form (1.3) in [12] and to
systems of the form (1.4) in [8].

The second type of systems includes systems of the form

Ot 1 dy d1 .
ot 2 Z A (Bumglys bl pm) — Z div(bimg[y, pqltm)
qg=1 q=1
dy
+ 3 emglys tiglpms (0, dy) = wom (y)dy, (1.5)
q=1
and
o 1 & &
ot idw Zqu[yaﬂq]v#m + Zcmq(u)ﬂq (1.6)
g=1 q=1

pm(0,y) = uo(y)dy,y € R
Here Bfﬂ;q(y,u) is the forth order tensor m = 1,...,dy,4,7 = 1,...,d and we use
notation of the type

Bualvosad = [ Baly = 2)ng(a).

We show that one can construct stochastic models associated with systems of
both types and derive probabilistic representations of the Cauchy problem solu-
tions for these systems.

The pioneer paper concerning connections between the forward Cauchy problem
(1.5) for the case d; = 1 is due to H.McKean [13]. The theory was extended in a
number of papers ( see references in [14].) In these papers there were constructed
stochastic processes which allowed to derive probabilistic representations for the
required solutions of the Cauchy problem for semilinear parabolic equations under
consideration.

Let us briefly recall the both approaches.

The Freidlin’s approach to the Cauchy problem for a forward semilinear para-
bolic equation

0 1
a—: = §TTA($,’I}>V2’UA*($,’U) +a(z,v) - Vo +c(z,v)v, v(0,z)=uo(xz) (1.7)
is based on the possibility to reduce (1.7) to the backward Cauchy problem
Ou 1

§+§TTA(QU’ w)V2uA* (x, u)+a(z, u)-Vutclr,u)u =0, u(T,z) = uo(x). (1.8)

setting w(T — t,z) = v(¢, z).

To construct a stochastic model associated with (1.8) we fix a probability space
(2, F, P) and denote by w(t) the Wiener process valued in R? defined on this
probability space. Let F; C F be a flow of o- sub-algebras of F generated by
w(t).
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Given a fixed time T > 0 one can interpret (1.8) as the backward Kolmogorov
equation for a stochastic process satisfying the stochastic differential equation

(SDE)
dé(0) = a(&(0),u(T —6,£(0)))d0 + AE(0), u(T — 0,£(0)))dw(0), £(t) ==, (1.9)

where
uw(T —t,x)=FE uO(,ft)I(T))eftT c(ff,,m(T)m(T—T,ét,x(r)))dT} . (1.10)

The stochastic representation (1.10) of the solution u(T — t,z) to the Cauchy
problem (1.8) allows to reduce the original Cauchy problem (1.8) to an integral
equation (1.10). Next one has to state conditions on coefficients in (1.9) and the
function uy which allow to find a suitable functional space where a nonlinear map
Or(t,x,u) = u(T — t,x) generated by this integral equation is a contraction. If
moreover one can prove that in addition the function w(¢,y) satisfying (1.10) is
twice differentiable then he can state that it is a unique classical solution to (1.8).

The investigation of nonlinear forward Kolmogorov equations and systems of
the form (1.5), (1.6) is a more delicate thing. First, due to the probabilistic
interpretation to be described below, we know that solutions of these equations
should be either measures or measure densities. If we look for a solution of the
system (1.3) in a space of measures then the coefficients of the equations should
be nonlinear functionals of the solution.

The approach developed by McKean [13] allows to construct a stochastic model
associated with the Cauchy problem for the Vlasov equation

ou(t,y 1 .
B9) _ Lrw2 (Bly, u(t, ) — divaly. ulutt,v).  u(0.9) = uoy). (111)
o ; 2 _yd (Bilyuy) po —
arising in plasma physics. Here TrV?*(Bly,uu) = >, Duioy, Bijly.u] =
2221 Airly, ulAg;ly,u] is a positive matrix, divaly,u] = Z?Zl Vy.aily,u] and

coefficients Aly,u] € R ® R%, aly,u] € R? have the form

ai[y7u]:/ / ai(Y,y1s- - ya)u(yr) - w(ya)dyr .. .dyg, i=1,...,d.
Rd Rd

(1.12)
The parabolic equation (1.11) can be treated as a forward Kolmogorov equation for
a distribution u(t, dy) = P{&(t) € dy} of a stochastic process &(t) € R? governed
by a stochastic equation

=0+ [ t [ [ a<s<s>,y1,...,yd>u<s,dy1>...u<s,dyd>} dst

v/ t ] A s dn) s, dua) | du), (113

where £(0) € R? does not depend on w(t) and P(£(0) € dy) = ug(y)dy.

Two stochastic approaches to the forward Cauchy problem for systems of non-
linear parabolic equations (1.3) were developed in [5], [12]. One of them is based
on forward SDEs associated with the system and the other is based on forward-
backward SDEs (FBSDEs) associated with it. Both approaches can be useful to
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develop effective algorithms to construct numerical approximations of classical and
viscosity solutions of the Cauchy problem for systems of nonlinear PDEs [15], [16].

In this paper we describe an approach to construct an algorithm to obtain a
numerical solution of (1.1) based on the FBSDE underlying (1.3). It extends the
approaches suggested in recent papers [17]— [20].

We consider as well a stochastic interpretation of systems (1.5) and (1.6).

The remaining part of the paper is structured as follows. In section 2 we develop
and study stochastic counterparts of the Cauchy problem (1.3) in terms of forward
SDEs and FBSDEs.

In section 3 we develop a numerical algorithm to construct the Cauchy prob-
lem solution for (1.3) based on its connection with the FBSDE and using neural
network technique.

In section 4 we derive a stochastic representation of the systems (1.5) and (1.6).

Finally in section 5 we study the derived stochastic counterparts of (1.5) and
(1.6) and their connection with the Cauchy problem for PDEs.

2. Stochastic models of the forward Cauchy problem for type 1
systems

Denote by C5°(R?) (C5°([0,T] x R?)) the space of infinite differentiable func-
tions defined on R? (on [0,T] x R? ) with compact supports and let Cy(R?) be
the space of bounded continuous functions f : RY — R with the norm |||, =
sup, | f(x)|. We use notations C*(R?) for the space of k-times differentiable real
valued functions defined on R9.

To simplify notations below we assume the Einstein convention about summing
over the repeating indices if the contrary is not mentioned.

Consider the forward Cauchy problem for systems of the form

ag—: = %TrB(y,u)V2um+a(y,u)-Vum—i—F,f’w(y,u)Vykuq—i-cmq(y,u)uq, (2.1)
Um(0,y) = uom(y), m,q=1,...,dy,

where B = AA* > 0 is a positive definite matrix, Fjy = ijl CJ,. A% and

mq

OGm 1
% = §Ter(y,g)V29m +am(y,9) - Vam + cmq(y, 9)9q, (2.2)

9m(0,y) = gom(y).
Notice that in (2.2) the summation in m is not assumed.
Similar to the scalar case described in the introduction one can easily verify
that functions v, (T — t,y) = um(t,y) satisfy the backward Cauchy problem

ov,, 1

W—i—iTrB(y,v)VQUm—&—a(y,v)-va—kF,’qu(y,v)Vykvq—i-cmq(y,v)vq =0, (2.3)
UTVL(Ta y) = U'Om(y)a m,q=1,...,d

and a similar transformation ¢, (¢,y) = fm (T — t,y) allows to reduce the Cauchy

problem (2.2) to the corresponding backward Cauchy problem.

% * %Ter(y, IV + am(y )V fon + Cmg(y, )2 =0, (2.4)
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fm(T’y)ZQOm(y)v m=1,...,d.
Note that both of these systems (2.3) and (2.4) admit a reduction to scalar
equations. Namely, the system (2.3) can be treated as a scalar equation with
respect to the function ®(¢,y,h) = h-v(T —t,y) defined on [0,T] x R? x R™', h €
R The system (2.4) can be treated as a scalar equation with respect to a function
f(T—t,y,m) = fru(T—t,y),m €V ={1,2,...,d; } defined on [0, T|x R¥x V. This
comes to be obvious when one looks on probabilistic representations of solutions
0 (2.3) and (2.4) (see [5],[8], [?]).
To obtain a probabilistic representation of a classical solution of the Cauchy
problem (2.3) we consider a stochastic problem
(

d§(0) = a(€(0), v(T = 0,£(0)))d0 + A(£(0), v(T — 0,£(0)))dw(0), &(t) =y, (
dn(0) = ¢*(£(0), v(T=0,£(0)))n(0)d0+C™ (£(0), v(T - 0,£(0))) (n(0 ) dw(9)), (2.

h-o(T = t,y) = Enen(T) - uo(€ey (1)), n(t) = (2.

The existence and uniqueness of a solution to the system (2.5) - (2.7) were
proved in [5]. Besides it was proved that if coefficients and initial data are smooth
enough then (2.7) defines a unique classical solution of the Cauchy problem (2.3)

2.

5)
6)
7)

The representation (2.7) prompts that the system (2.3) can be considered as a
scalar equation w.r.t. (T —t,v) =h-o(T —t,y)), = (y,h)
0® 1 .
YT TT‘Q(% D)V20Q*(v,®) +q(7,P) - V,@ =0 (2.8)

and
(T, 7) = Po(7) = h-uo(§(T)), 7= (y,h).
Here ¢(v) and Q(v) are given by

_ [ alz,v)
Q(fya@) - <C(.’II,’U)h) 9
. Az, v)A*(z,v)  A(x,v)C(x,v)h
Q('y? (I))Q (77‘b) - <A($,U)C(.’L’7’U)h M 9
where M is arbitrary bounded function such that QQ* is a positive matrix. One
can check that

STrQ(LB)V20Q" (7, @) =
1 Az, v)A*(z,v) C(z,v)A(z,v)\ (Vv Vv\ _
h.2Tr(C’(a?,v)A(x,v) M ) (Vv 0 ) o
%h “TrA(z,v)A* (x,v)V30(z) + C*(z,v)h - A(z,v) Vo,

407, @) - V., 0(3) = h - a(,v)Vv + ¢ (z,0)h - v(a).
Let us briefly show that this point of view allows to apply the FBSDE theory to
construct a viscosity solution of a quasilinear system of the form (2.3) (see details

n [12]).
Given ®(t,7v) = h - u(t,y) we denote

[N = sup Jh-ul = [fu].
{h:l|hl=1ye R}
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Consider stochastic processes

V() = (&(8),7(1), Y(t) = (T —t,7(t)) = n(t) - v(T —£,£(t))
and
Z(t) = Ve(t,~(1)),
where £(t) and 7)(t) satisfy stochastic equations of the form (2.5), (2.6) with coef-
ficients depending on (z,v, Vv). Then we obtain an equation of the form

dy(t) = q(v,Y'(t), Z(t))dt + Q(v, Y'(t), Z(£))dW (t),v(s) = (x, h) (2.9)
where W (t) = (w(t),w(t))* € R?*?. Assume that ®(¢,7) is twice differentiable in
v and apply the Ito formula to obtain d®(t,~(t)). As a result we get a relation

09(r, (7))

B(TA(T) = B(t.7(0) = [ [Z5 (210)

+1T7"Q( (7), @(7, (7)), V&(7,7(7))) V2 ®(7,7(1)) Q" (7(7), (7, (7)),
V&(7,v(7))) + ¢((7), &(,7(7)), VE(7,7(7))) - V(7,7(7))]dr+

/ Q0 (1)), VO(r, (1)) (7, 7(7)) - AW (7).

Since Y (1) = ®(r, 'y( )) and Z(7) = V®(7,7v(7)) we deduce from (2.8) and (2.10)

that
T

Y(t)=Y(T) - t Q(7),Y(7), Z(7))Z(7) - dW(7), (211)
where Y(T') = @o(y(T)) = n(T) - vo(&(T)). As a result we get a BSDE
dY (t) = Q(y(t),Y(t), Z(t))Z(t) - dW(t), Y(T)=n(T)-vo(&(T))  (2.12)
associated with (2.8).
One can extend this approach to systems of quasilinear parabolic equations of
the form
ou,, 1

T + 2T7‘B(y,u V)V, + a(y, u, Vi) - Vi, —&—qu

(y7 u, vu)vykuq+ (213)
Cmgq (yv u, Vu)uq + Lm(yv u, VU) = 07
um(Tvy):uOm(y)a quzla"'vdb
Repeating the previous arguments we reduce the Cauchy problem (2.13) to the
scalar Cauchy problem

0 1
— + TrQ(y,(b VO)V20Q* (v, ®,V®) + (7, P, V) - V4@ + M(7,0,VP) =0

ot
(2.14)
and

(T, v) = Po(y) = h-u((T)), 7= (y,h)
Here ¢(v, ®,V®) and Q(v, ®, V) are given by

4(7, @, V@) = (f(fffvvv)%) . Q2 V)Q (1,2, VE) =

[ Az, v, Vv)A* (2,0, Vv)  A(z,v,Vv)C(z,v,Vv)h
— \A(z,v, Vu)C(z,v, Vv)h 0 '
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Finally, we consider the system (2.14) and describe its stochastic counterpart
dy(7) = q(v(7), Y (7), Z(7))dT + Q(y(7), Y (7), Z(7))dW (7),7(t) = (z,h), (2.15)
dY (1) = =M (y(7),Y(7), Z(7))d7 + Q(v(7),Y(7), Z(7)) Z(7) - dW (1),  (2.16)

Y(T) =n(T) - vo(&(T)),
where M (v,Y,Z) =h- L(y,Y, Z).
To obtain a closed system which allow to define three unknown processes

&(t), Y (t) and Z(t) satisfying (2.15), (2.16) we consider the square integrable mar-
tingale

T
N(t) =E[Y(T)+/O M(y(7),Y (1), Z(7))dr|Fi].

Then we apply the Ito theorem which states the existence of a unique process Z(t)
such that

T
MH:EWHﬂﬁAZUMWﬁ (2.17)

As a result we get that (2.15)-(2.17) is a closed system. To define a solution to
this system we need some additional notations.

Denote by n = d + dy,0 = 2d(d + 1) and by:

SZ(R") the set of all F; adapted R™ valued processes with the norm

IVl = E[ sup_[Iv(1)]1%) < o0
t€[0,T]

HZ2(R?) the set of R-valued F; adapted processes with the norm
1
3

||Z||§=<E / Z<t>||2dtD < o0

L?(Q, P) the set of F;—measurable random variables such that E|jv(t)||* < oco.
We consider a set Q of functions of the form ®(y,h) = h - u(y) defined on
R% x R% such that for v = (y,h) € R",

[®]lq = sup sup |h-u(y)| = sup |lu(y)] < oco.
h:||h||=1yER? yER?

Further we define by Z7 = L2(Q : C([0,T]; R™) x L*(€; C([0, T); R)) x H2(R?))
the Banach space with the norm
1) Y (), ZO)z = {IIlls + 1Y IE + 112117}

for all (v(-),Y(-),Z())) € Z7.
A process (v(+),Y (), Z(+)) € Z7 is called a solution of (2.15), (2.16) if
t

A(t) =7+ / a(y(r),Y ))dr + / Qy Z(2))dW (r),7(0) = (4. h)
’ (2.18)
Y () = Bo(4(T)) + / M(y(r), Y (7), Z(r))dr (2.19)

4 / QUy(r), Y (7), Z(r) Z(r) - AW (),
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almost surely.

Denote by m = (7,Y,Z) € R* x Rx R,T = (¢,Q, L)*. We say that condition
C2.1 holds if for m = (v,Y, Z):

1. ¢(m) Q(m) and M (m) have a sublinear growth;

2. Vi € RY® RN x R x R*? T'(k) is uniformly Lipschitz continuous;

3. up(x) is bounded and uniformly Lipschitz.

By definition a solution to FBSDE (2.15), (2.16) is a triple of F-measurable
stochastic processes ((t), Y (t), Z(t)) possessing the following properties

T
sp BIDOIF <oo, swp BIY @I <o, 8 [ 120)idr < .
te|0, 0

te[0,T)

]
Let us state the following assertion proved in [12].

Theorem 2.1. Assume that C. 2.1 holds. Then there exists a unique solution of
the FBSDEFE (2.15), (2.16).

Theorem 2.2. Assume that C. 2.1 holds. Then there the solution of the FBSDE
(2.15), (2.16) gives rise to a viscosity solution of the Cauchy problem (2.14) .

Remark 2.3. We say that the system (2.1) has a viscosity solution u(¢,y) if Y (0) =
D(t,v) = h - u(t,y) is a viscosity solution of (2.14).

Consider the system (2.4) and show that it might be considered as a scalar
equation.

Remark 2.4. The system (2.4) is equivalent to a scalar equation with respect to
a scalar function v(T' — t,z,m) = v, (T — t,x) = up(t, ) and the correspondent
stochastic representation of the solution to (2.4) has the form v, (T — t,z) =
o(T —t,z,m) = Elug(&(T),v(T))], where £(t) satisfies the SDE
dg(0) = a(£(0),C(0),v(T—0,£(0), v(0)))d0+A(£(0),¢(0), v(T—0,£(0), v (0)))dw(6),
V() = (y, h), C(t) = m,

and ((0) € V ={1,2,...,d1} is a Markov chain with

P{C(0) = 1I¢(t) = m} = qim.
In addition one can reduce solution of this system to solution of the corresponding
FBSDE [8].

3. Numerical algorithm

Let us consider the Cauchy problem for system (2.13) assuming that it has a
unique continuous solution u(t,z) € R?. As it was mentioned in the previous
section to construct a solution of (2.13) it is enough to construct a solution to the
FBSDE (2.15), (2.16).

It was observed [9] that one can associate with an FBSDE a certain optimization
problem. Following [9] we consider the FBSDE

dy(7) = q(y(7),Y (1), Z(7))dr + Q(y(7),Y(7), Z(7)) - dW(7), ~(t) =7, (3.1)
dY (1) = =M (y(7),Y(7), Z(7))dT + Q(y(7),Y (1), Z(7)) Z(7) - dW(7),  (3.2)
Y(T) = @o(v(T)).
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and assume that
q:R"xRxR’—R", Q:R"xRxR’— R’
M:R"xRxR’ R, ®,:R"—R
satisfy conditions of the existence and uniqueness theorem for solutions of FBSDEs.

Let us treat (3.1), (3.2) as a controlled SDE with Z(t) being a control process
and (y(t),Y (t)) being the state process. and consider a functional
J(t,7, Y, Z(-)) = E[|[Y(T) = @o((T))*](t) = 7). (3.3)
as a cost functional.
Then we can state an optimal control problem Q as follows:
for any initial triple (¢,v,Yp) € [0,7] x R™ x R find Z*(-) € Hy(R’) such that

Z( )EHQ

If FBSDE (3.1), (3.2) admits an F-adapted solution (v(t),Y (¢), Z(t)), then
choosing Yy = h - u(t,y) we obtain

J(t,’V7Y0; Z()) = E“Y(t) - (PO(A/(t))‘Q] = V(07’77Y0) = 0.

On the contrary if the problem Q admits an optimal triple (v*(¢), Y*(t), Z*(¢))
for given initial triple (0,7, Yy) with

V(Ov s l/0) =0, (35)

then (v*(¢),Y™(t), Z*(t)) is an adapted solution of FBSDE (3.1), (3.2). Hence the
global solvability of the FBSDE is equivalent to to the solvability of problem Q at
some (0,7, Yy) with additional condition (3.7) to be used to determine Y.

We use the above observation to derive a numerical scheme which allows to
obtain an approximate solution of the FBSDE (3.1), (3.2) based on the deep
FBSDE theory developed recently in a number of papers [17]— [20]. Thus the deep
FBSDE theory combines probabilistic representations of a solution to the Cauchy
problem for a nonlinear parabolic equation with the neural network theory.

To construct numerically a viscosity solution « of the Cauchy problem (2.13)
we rewrite it as the Cauchy problem ®(t,y,h) =Y (t) = h - u(t,y), where Y (1) =
O(7,v(7)) = n(r) - u(r,&(7)) and (v,Y) satisfy (3.1), (3.2) . Then we reduce
solution of the FBSDE (3.1), (3.2) to solution of the following control problem :

to find

inf B ||®o(yZ0N(T)) — Y0 20O)(T)2 .
it E ([0 70(1)) () (36)
such that
t
P E0(1) :’7+/ a(y"*# 0 (1), Y020 (1), Z(7))dr + (3.7)

4 / Q20 (1), Y Y020 (1), Z(7))du(r),

YYo.ZO) (1) = Y, — /t L(y¥0Z0) (1), Yo 20 (), 2¥0-2C) (7)) dr + /t Z(7)dw(r),
’ ’ (3.8)
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where Yy = Y (s)- Fy adapted variable valued in R and Z(t) € R? is F;-adapted
square integrable stochastic process. The couple (Yy, Z(+)) is a control variable of
the considered control problem.

Within this framework

inf B |@0(y**Z0(1) = Y¥oZO(T) 2| = 0
Yo,Z(")
and infimum is achieved when Y0:20)(¢), YY0.20) (1), Z(t)) satisfy (3.1), (3.2).

To solve the control problem of the form (3.6)-(3.8) it comes to be very effective
to apply the neural network technique. We discuss it while considering a more
advanced control problem below which is similar to schemes suggested in the recent
papers [19], [20].

Let us choose the whole process Y'(-) as a control together with Z(-).

Then the control problem has the form :

to find

inf F
(), Z(+)

where

T
\‘Po(v@’Z(T))—Y@’Z(T)IZJr/ [Y®Z(t) — @ty () Pdt],  (3.9)

S

V() = 2+ / 42 (1), Y¥Z (r), Z(r))dr+ (3.10)
+ / QU™ (r), Y ™2 (r), Z(r))dW (7),

s =+ [ LGPy ), 20O (30)

- / 2(r) - Q™4 (1), Y2 (r), Z(r))dW (r)

and solution

|[Do(v"(T)) =y 7 (T) + /T [Y®Z(t) — @(t)dt | =0,

S

inf F
(-),2(-)
is achieved when v®Z(¢), Y®Z(t), Z(t)) satisfy (3.10), (3.11).
To solve this optimal problem effectively one can apply the neural network
technique. Let us recall some notion and results from the neural network theory.
We fix input dimension d° = d+d; which equals the dimension of v = (y, h), the
output dimension d' = 1 and the global number of layers L+ 1 The first layer is an
input layer having d°, the last layer is an output layer having d' = 1 and L—1 layers
between input and output we choose for simplicity having m; = m,l=1,...,L—1.
A feedforward neutral network is a function from R% to R%' defined as a map
S8 : R — R4 of the form
Sﬁ(’y)ZFLopoFL_lo---oplorl(’y)ERdl. (3.12)
Here I';,l = 1,..., L are affine transformations of the form T';(z) = B;i(z) + 5
were a matrix B; is called weight and a vector f; is called bias. Function p: R — R

is called activation function, it is applied component-wise to the outputs of I';, that
isp(v1y -y ym) = (P(11)y - - - p(Ym))- All matrices I'; and vectors 8,1 = 1,..., L are
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parameters of the neutral network. We can treat them as an element 3 of the space
RN where N,,, = Zl 0 "mi(14+ni1) = d°(14+m)+m(14+m)(L—2)+m(1+d").

For an integer K € N consider a partition ¢t = tg < t; < -+ < tg = T of
the interval [¢,T] and define neural network S,f (1) to approximate the function
P (tht1,°)-

Set the network having one input layer with dimension n, two hidden layers
with dimensions m = 1 and one output layer with dimension 1.

For an activation function we choose

pn(z) = (max(z1,0), ..., max(x,,0)), z € R%,

and affine transformations Fgl : Rl — R%in (3.12), are chosen to have a form

ﬁa—i—l ﬂoz+2 cee Ba—i—l z1 ﬂoz—&-ql—i—l
Ba+l+1 ﬁa+l+2 s ﬂoHrQl T2 Ba+ql+m
Fg’l‘l (z) = Ba+ait1 Ba+ai+2 oo Batal L3 | + Batqi+3
Bat(g—1i+1 Batr@g-ir2 - Batal 7 Ba+qi+q
(3.13)

where a = d'.

Finally, we arrive to an optimization problem which could be approximately
solved by applying stochastic descent gradient (SGD) method.

To construct the required approximate solution of (3.10), (3.11) we apply the
Euler-Maruyama scheme to discretize these equations setting ¥(to) = v, Y (to) =
YOv

Y(tes1) = (k) + a(Y(tr), (tr), (tk))Akt+Q( (tr), ®(tr), Z(te)) Agw, (3.14)
Y(trer) =Y (te) — LO(tR), Y (te), Z (1)) At+ (3.15)
—|—Zj(tk)Akw.

Here we wrote a discretization of the integral form of the backward SDE rewritten
in the form similar to the integral form of a forward SDE.

We set §(to) = o, Y (to) = (h,ug),
®(tr) = pr1(Y(tr), ultr); Br),
Z(tr) = D1 (7(tr), ®(tx); Br),

where D denotes the automatic differentiation operator [21].
Note that solving the last equations we can obtain

a(ty) = 1 (E(tr; Br)),
Z(ty) = D1 (3(tr: Br))-

Hence, we have to construct a neural network with a multidimensional parameter
B = (yo,2(:)). The loss function has the form

N-1
£(8) =it B ||20(3°(1) = YAT)P + 37 [¥2(tx) — (1)
k=0

Similar to [19] we may write the correspondent algorithm as follows.
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Choosing as an input the Wiener process increments Ajw, initial parameters 3°
and learning rate ¢ we have to obtain as an output the couple (£9(T),79(ty)), k =
1...,N. On each interval [t,tr11] we solve the optimization problem applying
SGD method (stochastic decent gradient) with ¢ iterations, ¢ = 1,2,....

1. Forg=1,...,set L =0,59(ty) =z, Y9(to) = ®(v; B ");

2. For k=0,...,K —1 set

7(ty,) = ¢ (7(tw), B ),

2(tk) = DO(3(tr), 57 ).
3. By Euler -Maruyama schemes (3.14), (3.15) we calculate £7(tx+1), y?(tkt1)
and z9(tx+1) on each time interval [ty, ;1]
¥ (ter1) = 77 (tk) + a(3 (tr), @9 (tr), DP(t), 27 (1)) Ant+
+Q(Y(tk), @7(tr), DO(tr), 27(tk)) Aw,
Y(tr1) = Y (te) + L (), Y(t), Z7(tr)) At —
—Zq(tk)Akw.

M
(57 55 = (8%, 59) — 0V 1= 3 [V(T) ~ B3

m=1

4. Stochastic models of the forward Cauchy problem for type II
systems

In this section we consider the forward Cauchy problem for systems which do
not admit the above mentioned reduction to the backward Cauchy problem. The
solutions of thses problems should be either measures or measure densities with
respect to the Lebesgue measure.

Let Po(R?) is the space of probability measures with finite moments of order 2
with the 2-Wasserstein metric

Wa(p,v) =  inf (/ x—y|2ﬂ'(dx,dy)>.
Rix R4

mell(p,v)
Here TI(y, v) is the set of measures on RY x R? with marginals p and v.
Stochastic approach to systems of the form

Oup, 1 .
S = STV By, W] —divfam (g, W]+ e (3, 0im, un(0,9) = wom (),

ot
(4.1)
where B[ (y,u) = 22:1 AT (y, u)AZ; (y,u) was developed in papers [23], [24].
Here we apply a similar approach to systems of the form

Oy, 1

dy
T 5Tr ; V[Bmg(y, w)Vug] + cm(y, ) tm, (4.2)

U (0,9) = wom (y).
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This type of systems arises in description of various phenomena in chemistry,
biology and other fields. Among systems of this type there are systems that often
used to model chemotaxis processes [25] such as the well known Keller-Segel system

%’Z - %v k1, S)Vn — ka(n, S)VS + H(n, S), n(0,y) = no(y).  (4.3)
%j = %kgAS + K(n,S) S(0,y) = So(y) (4.4)

Here n = n(t,y) is a density of cells (or organisms) interacting with a chemoat-
tractant whose density is S = S(¢,y). In addition, H and K model the source
terms related to interactions. A probabilistic approach to this particular case of
(4.3) was developed in [22], [26].

To construct Markov processes &, (t) associated with the Cauchy problem (4.3)
we look for their generators A, defined on twice differentiable functions by a

relation
Am¢($) — lim E¢(§m(s)) — ¢($)
s—0 S
To obtain an explicit expression for .4 we multiply (4.3) by a test function ¢ €
cge (R%), integrate the product over R? and apply the integration by part formula.
As a result we get

_;/Rd ¢(Z‘/)um(tay)dy:/m %Ter(y,u(t7y))V2¢(y)um(t7y)dy+ (4.5)

1 d g
+5 /Rd > Vz-BZ%(y,u(t,y))Vyjaﬁ(y)um(t,y)dy+/Rd em (Y, u(t, y)o(y)um (t, y)dy,

i,j=1
where m € {1,...,d1} .
Assume that B (y,u) is a positive matrix, B (y, u) = ZZ:1 Ay u) AR (y, u)
for each m = 1,...,d; and a, (y,u(t,y)) = % E?Zl uq(t,y)vy,iB%q(y).
From (4.5) we deduce that the required Markov processes &, (t) have generators
of the form

Andly) = 57 B w)V26(0) + a(3,0) - V() (16)

defined on twice differential functions.
To construct the Markov processes &, (t) associated with (4.3) we consider an
SDE

d&m(7) = am (§m(7), (T, & (1)))dT + A (§n (T), u(T, &m (7)) dw(T), €m(t) = (gmos
4.7
where £, is a random variable with a distribution P{{, € dx} = po(dx).
Keeping in mind (4.7) we obtain

0 1.
_a - ¢m(y)um(t7 y)dy = /Rd iBz(y; U(t, y))vglw](b(y)um(t, y)dy+ (48)

+/ [, (y, u(t, ) Vy, m + cm (Y, ult, ¥)d(y)] wm(t,y)dy
Rd

that coincides with (4.5).
Hence Markov processes &, (7) associated with (4.3) should satisfy (4.7).
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Remark 4.1. In a linear case when coeflicients A(y,u) = A(y) the SDE (4.7) is
called the Stratonovich form of the Ito equation. and could be rewritten in the
form

d&m () = A (§m (7)) 0o dw(7),  &m(s) =, (4.9)
where

[Am (&m (7)) 0 dw(T)])" =
d
ZA”C € (7)) V3, Amy (€ (7))

Z Alk gm dwk

l\.’)\»—l

In nonlinear case (4.9) includes unknown variables &, (7) and u,(t,y) and we
need more relations to make the system closed. To derive a closing relation we
assume that u,,(t,y) is a density of a distribution u.,(t,dy) = P{{(t) € dy} that
is up(t,y) = M and consider a relation

(Y (t,dy) = E [cﬁ(fm(t))efot em (&m(8),uq (8,6m (2))) (4.10)
Rd

where ¢ is a function from Cy(R?)C5°(RY). The right hand side of (4.10) is a
linear functional for any ¢ € [0, 7] for some T'. If it is bounded then by the Riesz
theorem it defines a measure p.

In what follows we consider another version of a stochastic model associated
with (4.3). Namely, we consider

A& (1) = Am (Em (7), u(T, Em (7)) 0 dw(T),  &m(0) = Som, (4.11)
um(t,y) = E p(y—ﬁm(t))exp{/o (em(&m(5)); uls, &m(s)))]ds} (4.12)

where p: R* — R is a mollifier in R%.
Below we show that if there exists a solution (&, (t), um(t,y)) of (4.11), (4.12)

and up, (t,y) = [ra p(y — )V (t, )dx then vy, (t, z) satisfies the Cauchy problem.
O,
s TV Byl p 5 om) Vrm) + o, 0)om, (4.13)
U(()? y) = V0.

If we set p°(y) = e “p(¥) where the sequence p¢ weakly converges to the Dirac
measure at zero we may consider a couple (£°(t), v¢(t,y)) solving (2.19) with p(-)
replaced by p¢(+). Formally if p coincides with the Dirac function we obtain that
v1, v satisfy (4.3).

To study systems (4.9), (4.10) and (4.11), (4.12) we need some additional no-
tations.

Let C% = C([0,T], R?) be the space of real valued continuous functions on
[0, 7] valued in R? with the sup-norm || - ||» and ¢ be the canonical process on C%.
Denote by F;(C4) = o{&(7),0 < 7 < t}. Let Cp(C%) and Cj(R?) denote the space
of bounded real valued functions on C% and R¢ respectively, Co(R?) be the space
of real continuous functions on R¢ with compact supports. Let S(RY) = C§°(R?)
be the Schwartz space and S’(R?) be its dual.
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Denote by Q = [[Qn, Q= C4 and F,, = 0{&n(5);0 < s < T}. Let &,(t)
be canonical processes on (,,, Fn) = C([0,T); RY) that is &, : C$& — C% and
En(t) = wn(t),t > 0,w, € C

For ¢ > 0 we denote by P2 (C%) the set of Borel probability measures 7,,, m =
1,...,dy, on C% with finite moments of order ¢ and set

Py = Py(€2),
We equip P,(C4) with the Wasserstein distance d}" (u, 1) defined by

0= | AL Lm0~ ot

for all t € [0,7] and let ||u|/w be the correspondent norm. Here II(u, u1) denotes
the set of Borel probability measures in P(C% x C4) with marginals 7(dw, C$) =
p(dw) and 7(CE, dwr) = pq(dws).

Given a measure 7, on C% consider the equations

) = [ 90— (10 Mot ), W) i) 0 = 1, s,
’ (4.14)

q

where

M@mwwmwwwml%@@mmm@W$

We say that condition C 4.1 holds if:

1. For a fixed g € R functions A(y, 9), V,A(y, g) and V,4,,(y, g) are bounded
on R? in the Frobenius matrix norm;

2. VA,,(y,g) are Lipschitz continuous functions taking values in R ® R¢® R%
such that

||VyLAm(y’g) - VyiAm(yhgl)Hz S LA[Hy - yl”2 + ||g - ng2]a 1= 17 . 7d
3. ¢m(y,g) are bounded and Lipschitz continuous real valued functions such that
lem(y,9) — em(yr, 90| < Lellly —mall + lg = gull] m=1,....d1.

sup [em (, 9(y))] < K.
y
We consider &(t) as the canonical process ¢ : C% — C4 defined by &(t,w) = w(t),
0<t<TweCq.

Let C% denote a linear space of R%- valued continuous processes r(t) defined
on the canonical space C% such that

Il = EVfsup )] = | sup () < .

T

Denote by || - ||oo,x @ norm equivalent to the norm || - ||oo,1 defined by
K13 5 = B [supr<re” ™ |Is(t)]].

The spaces (C, || - ||so) and (C, || - ||co,x) are Banach spaces.
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Theorem 4.2. Let condition C 4.1 hold and c¢,,(u) are bounded. Then given
probability measures v, € P(CL),m = 1,...,dy, the system (4.14) has a unique
solution u,,.

Proof. We consider an operator T : C4 — C([0,T] x R%; R%) defined by

T = [ 00~ Ent )Mo, (). (415)
T

Besides we introduce an operator g : u € C([0,7] x R% R%) v g(u) € C% such

that g(u)(t,w) = u(t,w(t)). As a result we have g o T7 maps C% — C%. Hence
(4.15) is equivalent to

u=(T7 o g)(u). (4.16)

We start with an assumption that the map g o 77 has a fixed point A € C% and
choose ¢7 = T7(\). Since A is the fixed point of g o T7 we get

A= g(T7 (V). (4.17)

Thus ¢” satisfies (4.16). To prove uniqueness of the solution to (4.16) we assume
the contrary. Let there exists two functions « and § satisfying (4.16), that is
a=(T"og)(a) and 5 = (I7 0 g)(B). Let L = g(T7(X)) = g(v), N = g(T"(Y)).
Since L and N are fixed points of g o T then the equality L = N holds - almost
everywhere. It remains to prove the map go 7" has a unique fixed point M € C%.

Given a pair (M, N) € C% x C% for any pair (t,y) € [0,T] x R? we obtain an
estimate

T (M) = T3, (N)|(t, y) =

| 20 = )M (10 ), L)) = M), N )] ()

t t
< KoetKCLCE[/ |N(s) — L(s)|ds] < KoetKCLCE[/ ef e K5 N (s) — L(s)|ds]
0 0
(4.18)
t
< Koo, / K] sup e~ K||N(s) — L(s)|||ds
0 0<7<s

eKt 1

< Koetfe L,

dy
IV = LIS k-

At the next step we consider g(T7(N))(t) = T7(N)(t,&n(t)) and g(T7(L))(t) =
TY(L)(t,&m(t)) and show that

E { sup e "*|g(T7(N))(t) —g(T”(L))(t)II}
0<7<T

s [ sup e KU TNt 6m(t)) — T (L), emu))n]
0<7<T

. d
< KOGHQLC?”N = L|I$ k-
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Evaluating sup over time interval [0,7] and summing over m we obtain the esti-
mate

dy
1
IT(N) =T (L) < Y ITH(N) = T (L) < d1KoetKCLc}IIN* L|oc-
m=1

As a result we may choose K large enough namely K > djKge!®cL. to ensure
that g o T7 is a contraction map in C% | - || Hence by the fixed point theorem
we obtain that there exists a unique solution of the equation (5.4) . O

We have proved that for a fixed measure v = (71, ...,7q, ) there exists a unique
solution u” of (4.16). It remains to study dependence of this solution on .

Lemma 4.3. Let C 5.1 holds. Then for the solution of (4.14) an estimate
i (8 y) = i (6 9) 1 < Llly = G117 + W7 (s ), mo=1,00idr - (419)
for any couple (Ym,Fm) € Pa(CE) x Po(CL) for all (t,y,7) € [0,T] x T" x R<.
Proof. Given (Ym,3m) € P2(C%) x Po(C%) we derive an estimate
g (t,y) —ug (8912 < 2llugy (8 y) — e (GG + llude (¢, 5) —ugr (89) )17
(4.20)
To verify that w)m(¢,y) is Lipschitz continuous in y we note that the mollifier

p in (4.14) is a smooth function and stochastic process M, (t, & (w), ul,(w)) is
bounded. Then we have

g (8, 9) — wgy ym (6 9) | = (4.21)

= [ 1000 = 6 (0.)) = 0= €00 0) Mo (110, 877 (€1 () ()

T
< Lpe™ly = g1l
To estimate the second term in the right hand side of (4.20) we evaluate a difference

[ (t.9) = v (t, 9|2

= ‘/Cd p(g - €m(t,W))Mm(t,§m(w)’u’Ym (fm(w)))’}/m(dw)

—/C PG = Em(t, @) Min (t, Em (@), 67 (Em (@) Fim (dw) |

< / 1905 — Em(t260)) Mo (£, e (), 07 (E3n ()
C% XC%
o — (1, 2)) Mot € (@), 177 (€0 ())) P (v, )

for any 7 € II(+y,7). Using the Lipschitz property of p, properties of the exponen-
tial and the Gronwall lemma we deduce the estimate (4.19). O

Consider a system of SDEs

Em(t) = Eom + / i (€ (7), 07 (7, (7)) + / Ay (G (7). (7 En (7)) (7,

(4.22)

where v = Hfﬁﬂ Ym and Y, = L(&y,) is the law of the process &, (%).
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Theorem 4.4. Assume that 4.1 holds. Then there exists a unique solution of the

system (4.22), (4.14).

Proof. Let us fix oy which is a product of 7, € P2(C%). We deduce from lemma 4.3
and C 4.1 that there exists a unique strong solution &, (t), m = 1,...,d; to (4.22).
Based on the Jensen and Burkholder-Davies -Gundy inequalities we can deduce
that there exists K > 0 such that Esupy<, <7 [|&m()]|? < Ko[l+E|/€om||?]- Hence
the law Qu(Ym) = L(&m) of the process &, (t) belongs to Pa(CE).

Consider the map Q : Po(C%) — Pa(C%) and prove that it is a contractive
mapping in Wasserstein metric.

Let 7y, and 7,,, belong to P2(C%) while u and @ be solutions of (4.14) correspond-
ing to v, and 7,, respectively. Let &, and Em be solutions of (4.22) corresponding
to Y and 7, as well.

By definition of the Wasserstein metric we have

4 (Q(), Q)P < E sup fl&(t) ~ E)IIP. (4.23)

and from (4.11) and (4.19) we deduce

R T R T
E sup ||€(t)*§(f)\|2§0[/ E sup HS(S)*S(S)IIthJr/ [di" (Q(~), Q(3))]?d.
0<t<T 0 0<s<t 0

Finally, by the Gronwall lemma we obtain
T
E sup [[€(t) — ()] < CeCT/ [d (Q(),Q(7)))%dt
0<t<T 0

and keeping in mind (4.23) we get

T
[dY (Q(7), Q)] < CeCT/ 4 (Q(), Q(3))]dt.

0
This estimate allows to apply the arguments of the fixed point theorem to end the
proof. ([

At the end we discuss connections between solutions of systems (4.11), (4.12)
and (4.7), (4.10) and their conections with Cauchy problem (4.2).

5. SDEs and the Cauchy problem for PDEs

Now we discuss connections between systems (4.11), (4.12) and (4.7), (4.10). To
this end we denote by [p * pm](t,y) = [pa P(Y — )i (t, dz) and consider systems

Em(t) = Eom + / (€ (1), (. € (7)) )+ (5.1)

t

Am<§m(7—)’ u’Y(Ta fm(T)»dw(T)a §m<t) = me ~ Ko,

u(t,y) =

— —

p(y—%(hw))ewp{ / cm@m(w),m(s,sm(s,wm}w(dw)
(5.2)

d
T
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and

Em(t) = Eom + / G (e (7), [ # 13) (7, € (7)) )T+ (5.3)

A (Em (7), [p* ) (7, & (7)) dw(T), Em(t) = Emo ~ po,
where p, (t, dy) is the measure defined by

| Ot dy) = B [9(6n (1)) o Cn O ebna )] (5.4)

for all ¢ € Cp(R?) and L(&) = Yim.-

Theorem 5.1. Assume that C 4.1 holds. Then, given solutions ({m, p),), m =
1,...,dy of the system (5.3), (5.4), the couples (§m,u),) satisfy (5.1), (5.2) pro-
vided w), = p* pY, and vice versa if (§m,ul,) satisfy (5.1), (5.2) then there ewxist
measures |, such that the couple (&, 1) satisfy (5.3), (5.4).

Proof. ) Fix ¢t € [0,T] and denote by F(u;,)(t,\) the Fourier transform of the
function Y, (¢,y). Let (&m,u),) satisfy (5.1), (5.2) . Since p € L'(R?) we obtain
from (5.2) that

Flug)( ) = (5:5)
=7 [ e enp{ [ (660,100,050 ()

We deduce from the Lebesgue dominated convergence theorem that a function

Gt A E R gT(N) :/ (N Em (1) o em(Em(s.) 07 (550D () (5.6)
g

is a continuous bounded function since ¢, is bounded. In addition g7, (¢) is non-

negative definite. To verify this we consider a sequence ax, k =1, ..., d of complex

numbers and a sequence of y, € R4 k =1,...,d. Since for all A € R? we have

d

d d d
E E ak&je—M‘(yk—yj) — E ake—M'yk E aje—iA»yj —
=1

k=1 j=1 k=1

d d
DD anem P,
k=1 j=1
hence g (t) is non-negative definite. Furthermore one can deduce from the Bochner
theorem that there exists a finite nonnegative measure Borel measure s, (t) on R?

such that for all A € R?

1
g (t;A) =

(2m)
It remains to show that setting p),(t) = v (t) we obtain a measure satisfying
(5.4).
Since v}, (t) is a finite non-negative Borel measure one can consider it as a
Schwartz distribution such that F~1(g),) = vy, (¢) and for any ¢ € C5°(RY) we
have | [ra ¢(y)v7, (¢, dy)| < [|6]|ocy (t, RY) < oo.

Q/ e YYD (t, dy). (5.7)
2 JRd
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Thus, from equalities (5.5) and (5.7) we obtain that

up (t,y) = [p* ] (E, ) (5.8)
since F(u},) = F(p)F( (1))
On the other hand setting (¢, u7,(t)) = [pa ¢(y)u7, (t, dy) we deduce applying
the Fubini theorem

(&, 17 () = (6, F " gm)) = (F D), gm) = | FHO)O)

Ra
/ eI Em(10) o em(Em(5.0) 07 (5.6 (39D, () A\

Cd
:/ _7:—1((ﬁ)(/\)e—i/\fm(m’)d/\efotcm(fm(s,w)ﬂﬂ(s7£m(syw)))7 (dw)
ca Jpe "

= /Cd < fl(qb)(A)eiA'gm(t’w)d)\) efot cm(fm(s,w),[p*,u,;yn](s@m(s,w)))fym(dw)
T

.
- [ ot enes L[ .00 o 16 b,

To prove the second assertion of the theorem we note that under assumption
that (&, (t), u7,(¢)) is a solution of (5.3), (5.4) setting w7, (t,y) = [p * u),](t,y) we

m

obtain that it solves (5.1). Setting ¢ = p in (5.4) we obtain (5.2). O

Remark 5.2. The existence of a solution of the system (5.1), (5.2) is equivalent to
the existence of a solution of the system (5.3), (5.4).

To prove it we observe that in the right hand side of (5.8) we get that if the
Lebesgue measure of the set {\ € R? : F(p)(\) = 0} is equal to zero, then

Fog ) =Tl e o)

F(p)
This shows that p), is uniquely defined by w7, and vice versa u;, is uniquely defined
by p,.
Theorem 5.3. Assume that C 4.1 holds. Then the measures u, defined by (5.4)
satisfy the Cauchy problem

&Ufgr;(t) — %TTV[B(@/, [p * u“/](t))v,u,?n(t)] + Cm(y, [p * ,Lﬂ}(t)),[ﬂ(t), (5.9)

'u;yn (Oa dy) = ,u()m(dy)
in the weak sense, that is for every t € [0,T], ¢ € C§°(R?) it holds

)t dy) = / () ttom (dy)+ (5.10)
th R4
[ otenton o il dn)i (. dy)ir
+ / Vo(y) - am(y, [p* po) (1, dy)) o, (7, dy)dT
o JRd

1

2 /o V) B (v o+ 1),y ( dy)dr.
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Proof. To prove (5.10) we denote by n(t) = efo cmEm(s:@)u(s&m(s:w)))ds anq con-
sider the random process ((t) = ¢(&,,(t))n(t). Applying the Ito formula to {(t)
and keeping in mind that &, () satisfies (5.3) we obtain

BQ(0) = BI6(&)] + [ BIVoen(r) - an(En(r) [ il n(r)ldr - (511
45 [ BBy, )7, 40) T0(n(r)ldr
0

+ / E($(Em(7)em(Em(r), [p * i) (7, m (7))
0

From the definition of y,, (¢, dy) in (5.4) and (5.11) we deduce (5.10). O
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