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THE EXACT WAVE PERIODIC SOLUTIONS FOR SOME
GENERALIZED BUSSINESQUE EQUATIONS WITH CONSTANT
DEVIATING ARGUMENTS

MAMADSHO ILOLOV AND DZHUMABOY SAFAROV

ABSTRACT. In this paper, the exact periodic solutions for some generalized
Businesque equations with constant deviating arguments are found by the
method of decomposition by the elliptic Jacobi function. In the case when
not all deviating arguments are multiples of the solution periods, the exact
solutions are found using the delta amplitude function dné, and the modulus
of the function is calculated.

In nonlinear problems of mathematical physics, an important role is played by
finding exact solutions of nonlinear wave equations. Recently, a number of methods
for finding exact periodic solutions of nonlinear wave equations have been proposed
[1-6].

In [2, 4, 6], exact periodic solutions by the p— method of the Weierstrass
function for the generalized KdF equation and the Kuramato-Sivashensky equation
were obtained.

Consider on the plane of variables x, ¢ a fourth order partial derivative equation
with deviating arguments

@,2@+( — (z,t — 7)u( t))ai“, @,
52 co 92 o1 — aqu(z, T)u(z, 93 a8x4
ou\? 0u
N ((%) — You(x + 9775)@ =0, (1)

where cg, a1, ag, T, @, v1, Y2, 0— are real constants, u(z,t)— is the desired function.
When ag = a3 =0, 6 =0, 91 =2 = 20, equation (1) becomes the Businesque
equation [1]
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In [1], the exact wave solution of equation (2) was found by the elliptic Jacobi
function expansion method using the functions sn2¢, en?¢, € = k(x — ct)

u(z,t) = 022;63 + %(1 +m?)ak? — (ﬁgQkaan(k(x —ct)) =
= 022;6(2) - %(sz —1)ak? + 6;?20[1920712%(95 —ct)), (3)

here m2, 0 < m? < 1 the modulus of the elliptic Jacobi function.
Note that the Jacobi functions sn&, cn€, dn€ are related by the relations

sn2é+en?€ =1, dn’6+m2sn’¢ =1 (4)
and satisfy, respectively, the differential equations
2
() = - g1 - msns) 6
deng ? 2 2 2,2
(") = - e om® + miere), ®
2
<df£5> — (1~ dn?€) (dn?6 — m"), )

m/— is additive modulus, m? + m? = 1 and 0 < m < 1, 0 < m’ < 1. These
functions are bounded

—1<sné<1, —1<enéE<1, m' <dné <1.

It follows from equations (5)-(7) that the functions sn&, cn€, dn{ are partial
solutions of some equation of the Duffing kind [7]

&y

dg?
when ab < 0 or ab > 0 and a, b— will be dependent on m?, m’2.

The Dufling equation (8) is of importance in nonlinear mechanics, chaos theory,
biology, ete. [7].

Exact solutions of the generalized Duffing equation with constant deviations of
the argument are studied in [8-11]. The case when the constant deviations of the
argument are multiples of the periods of the solution of the equation or are not
multiples is investigated. Moreover, interesting results are obtained in the second
case. Now replacing in (3) m2sn2¢ by 1 — dn?¢ by formula (3), we obtain another
solution of equation (2)

+ap(€) + b’ (€) =0, (8)

2

-t 2 6
— 2 (2 —=m?)ak® + —adn?[k(z — ct)]. 9
% 5( ) 3 [k( )] (9)
It is known that the modulus m?, 0 < m? < 1 is an element of the construction
of elliptic Jacobi functions [7]. In this paper we will show that when the deviations

7 and 6 are related to the elliptic integral

u(z,t) =

z 1
K(m) = /0 (1 —m?sin®p) 2 dp,
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the solution of equation (1) can be found using the function dné and the modulus
m? is exactly calculated using its coefficients.
For this purpose, as in [1], we will look for the solution of equation (1) in the

form
u(xat) = 80(5)7 §=u1z—ct, (10)
where the constant c— is the wave parameter.
Substituting (10) into equation (1) for the function ¢(§), we obtain an ordinary
differential equation with divergent arguments of the form

d? d? d*
(=) d?f —[ag — aap(& +em)p(€)] ng - ad—gff
dp\? d?
—-MN (d?) — v20(§ + e)de =0. (11)

If (&) has period w > 0 and @ is a multiple of period w, then () also satisfies
the equation

d? d3 d*
(¢ = f) Ef — a1 — azp(& + c7)p(§)] ng - Oédfgf—
dp\? d?
—71 (d?) - 72@(5)755 =0. (12)

Equations (11) and (12) with respect to the functional relation
p(€+w) = ¢(8),

are functionally equivalent.
Now noting that the function dné satisfies the functional relation

dn(é + K)dn(§ 4+ 2K) = dn(§ + K)dné = m/, (13)
where m/— is an additional modulus, m? + m’? = 1, we will look for the solution
of equation (11),(12) in the form of

(&) = Adn®¢ = Adn® [¢,m?] (14)
with unknown parameters A, m,m’, c.
Taking in equation (11),(12) Taking in equation (11),(12)
CT:K(m)a 9:2K(m)’ '71:’72:2ﬂ7 (15)
substitute (14) in equation (12).
From the differential equation formula for the function dné, we obtain that the

function (&) represented by formula (14) satisfies differential equations of the
form

d?*p 6 d3¢ de 12 dy
SF o AAM? AL+ m ) — 2, S =42 - m?) 2L~ 2P
T m’ +4(1+m"%)e 19 e ( m)dg Agod{’

4 2 12 12

To _yo_m)Te 12,0 12 do 4

dg* ag? ~ AT T ATae
Now along a solution of the form (14), we will compare equation (12) with
equation (16) when conditions (15) are assumed in equation (12).
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Note that if the condition (15) is satisfied, equation (12) will take the form

d? 3 d*
(¢~ ) G — lon — g€+ K)ol€)] g5 — i~
dy 2 dzga B

Then considering condition (13) and substituting (16) into equation (17), we
conclude that a solution of the form (14) satisfies equation (17) if the coefficients
of equation (16),(17) are related by the conditions

ay = apA?m”?, 2 — 2 =4(2—-mPa, 12a = 23A. (18)
From the system of equations (18) at ¢ # ¢g, we find
6 a5 a1 52
A=— = 2=c2+4 . 19
IBa, m S6aga?’ ¢ =ci+4da+ g (19)

If the condition ayas > 0, a8 > 0 and
da > B2, (20)
as

Substituting the value m? = 1—m/? into the elliptic integral, we find the period
of the function dné

1

% a162 .92 2
K = K(m) = 1—(1- .
(m) /0 ( ( 36a2a2> sin <p> dy

Thus it is true

Theorem 1. Let in equation (1) azas >0, 71 =v2 =28, af > 0 and condition
(20) is satisfied, then if the modulus of the function dn is calculated by the formula

2

2 0415
= 1 —

m 36002

and constant deviations 7,0 such that
T¢=K(m), 0§ =2K(m),
then equation (1) admits a solution of the form

u(z, t) = (&) = %aan(Jﬁ —ct).

Now consider an equation of the form
u  ,0%u b (.t — T)ule. b) Pu  tu
— —ci=—— + [a1 — agu(x,t — Tu(z,t)] =— — a=———
otz Opgz T TR o3 at
ou\ > 0%u
—yru(x + 01,1) <8m> — you(x + Oa, t)u(z, t)w =0. (21)
It is easy to see that when a; = as =0, 8 =03 =0 and 1 = 683, 72 = 303
this equation takes the form of
Pu 0% Ot 65u <8u

2
02y
2
9 0z T ogi aJ — 3G =0 (22)
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or
Pu 0% 0*u 0?u?
_— _— _— _— = O.
a2~ 9z “ard P Ox?
Equation (22) in traveling wave variables
u(x,t) = 90(5)7 f =T - Cta (23)
takes the form
Po  dip dp\? d?p
2 2 2
— )= — ——r — — | —3B¢"—= =0. 24
(@ - ) s — o 000 () -390 (29)
The solution of this equation will be found in the form
p(€) = Adng + B = Adnlé,m?] + B, (25)

with unknown parameters A4, B, c, m?, m'2.

Noticing that the function dn¢ satisfies the differential equation
d?dné
d&s

it can be shown that the function ¢(&), represented by formula (25), satisfies the
following differential equations

= (2 — m?)dné — 2dn3¢,

T oo B) - oyl T2 w2 O ppde

dg? dg? g A2 de’
d*p _ o d?p 12 dy 26 ,d%p
-2 - -8 () - e PG

(26)

Now along the solution of equation (25), comparing equation (26) with equation
(21),(24), we conclude that a function of the form (25) is a solution of equation
(24) if the coefficients of equations (24), (26) are related by the conditions

A —ct=ak?*(2—-m?), 12a = 6842, 6a = 3BA4% B =0.

From this system, we can only find the parameters A and ¢

2
=ct+a2-m?), A= Za.

B
Then equation (22) or (24) at a8 > 0 admits solutions of the form

2
u@ﬂzﬂQ:iﬂgm@fm. (27)
We show that by using the solution (27), provided that the deviations 7,61, 62
are multiples of the elliptic integral
K =K(m), 0<m?<1,

we can find the solution of equation (21).
If in equation (21) the solution u(z,t) has on the variable z a period w > 0,
and 6, 0 are multiples of w and in the traveling wave variables £ = = — ct

u(z,t) = (&) = p(z — ct),
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function ¢(€) has period w > 0
p(§ +w) = (&),

then (&) is a solution of the equation

d> a3 d*
(* =) de + [ar — azp(€ + ker)p(§)] de - ade—

(&) <C§§>2 — 7267 (€) T

Taking in this equation v, = 683, v2 = 35 we will compare it with equation (24)
along a function of the form (27). Suppose that the deviations 7, 01, 02 are related
to the elliptic integral K = K(m) by the following conditions

cr=K, 01 =2K, 6, =4K, 0<m?<1.

Then, using the functional equation (13) for dn¢, we conclude that a function of
the form (27) satisfies the differential equation (28) if the coefficients of equations
(26), (28) are related by the conditions

2
o = aA’m!, F=cf+a(l+m?), A% = Ba.
From this system when a8 > 0, a;as > 0 and
| 15 1< 2| asar |, (29)
we find

2 92 292

2 1B 2 o1
=1l-"5= = : 30
" 4ada?’ " 4aa? (30)

Hence we have

Theorem 2. Let ajas > 0, 11 = 68, 72 =38, 8 >0, a > 0 condition (29)
be fulfilled in equation (21) and the moduli m?* and m'? for the function dné are
calculated by formulas (30).

Then if the deviations 7,071,602 are such that

cr = K(m), 01 =2K(m), 05 =4K(m),

z 232 -3
_[? o1 f 2
K(m) = /0 <1 - (1 - 4a§a2> sin go) dep,

then equation (21) has solutions of the form

u(z,t) = (&) = :I:\/%an(x — ct),

moreover ¢ = %, 0, = 2601 and
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Now consider an equation with several constant deviating arguments of the
form

Pu 0% o*u 0?
ﬁ - CO@ — a@ — 5@ [u($7t — T)U(m,t)] =
3 5
= oqu(x + 70,t) + Qg H u(x + 75,t) + as H u(z + 6;,1). (31)

j=1 =1
In traveling wave variables

u(z,t) = ¢(§), {=z—d,
equation (31) takes the form

d? d4 d?
(* - c3>d—g§ - ad—gf — B lu(e + enyu()) =

3 5
= +70) + a2 [[ e +75) +aa [[ o€ +6)). (32)

j=1 j=1

Let the function ¢(&) have period w > 0. Then if in equation (31) 79 = 7, =
01, ct,72,0s,04, 05 are multiples of period w, then ¢(&) satisfies the equation

d2 d4 d2 2
= (€ +70) [ar + a2p(€) (€ + 73) + a3’ (E)9(E + 04)p(€ + 05)] . (33)

Equations (32),(33) are functionally equivalent along the periodic function ()
p(€+w) = (&)

The solution of equation (33) will be found in the form

p(&) = Adn*¢ = Adn®[¢;m?), (34)
with unknown parameters A, ¢, m?, m’.

The function ¢(§) has period 2K
p(§ +2K) = (&), K =K(m),

and satisfies the functional equation

p(&)p(E+ K) = A%m™. (35)
We substitute (34) into equation (33), provided that c7, 79,603,604 are multiples
of 2K and
7'3:K7 94:3](, 95:5K
and mp— is an arbitrary number.
Under these assumptions, comparing equation (33) with equation (32) and con-
sidering the functional condition (35), we conclude that the function ¢(&) by for-

mula (34) satisfies equation (33) if the coefficients of equations (33), (2) are related
by conditions

a1+ ap APm? 4 az A'm™ =0, 120 = 284, & — i = 4a(2 —m?).
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From this system we determine A = %" and substituting its value into the first

equation we find m’? from the equation of degree four

6a\* 6a\>
o <,8) m'* + asas <5> m? 4+ ay =0.

From equation (36), if the conditions asaz < 0, ajas > 0 and

| Qo |> 2 /a3

we find the modulus of m’? and m? in the form

2 2
8 a9 o o1
m'® = ( - 2—), m? =1-m'?,

_E 404% Qg

and the condition must be fulfilled

36a2
B2’

0<m/ <1, 0<m< 1.

(6%} Oz% a1

203 402 a3

Thus it is true

(36)

Theorem 3. Let azas < 0,a1a3 > 0 in equation (31), conditions (37), (39) are
satisfied and the moduli m?,m'? of the function dné are calculated by formulas
(88). Then, if 79 = 71 = 01 and c1, 72,09, 605,05 are multiples of 2K(m) and
3 = K(m),04 = 3K(m), 05 = 5K(m), then equation (31) admits a solution of the

following form for any number
6
u(z,t) = —aan(x —ct),
g
and the parameter c is calculated by the formula
= +4da+4am”.

Consider an equation of the form

9%u 9%u *u 0?

—_— — — — — _ 2 =
52 coax2 aaw4 527 [u(x,t T (aat)]
0 0

= aqu(z + Hl,t)a—z + asu(x + Hg,t)a—ltt.

This equation in traveling wave variables

u(z,t) = (), £=x—ct,
will take the form
o2 o 9
(@ A gr ~ggr ~Paga o€ T e O)] =
Oy

—aaep(§+02) 5

¢

= a1p(§ +61) o€
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If the function ¢(&) is a solution to this equation and has period w > 0, and
the deviations cr, 61, 63 are multiples of w, then (), also satisfies the differential
equation

82 64 82 3 0
R

(c* — (42)

Equations (41) and (42) are functionally equivalent along the periodic function
(&) of period w > 0, under the conditions assumed above.
Finding the solution of equation (42) in the form

(&) = Asné = Asn[¢, m?], (43)

we can easily verify that ¢(£) is the solution of the differential equation

dp d*>p  12m? dy 6m? ,d*p
— =1 — — == 44
s WY (L (1)

)d§2 Az
Now comparing equations (42) and (45) along a solution of the form (44), we
conclude that a function of the form (43) is a solution of equation (40) if the
coefficients of equation (42) and (44) are related by the conditions

12m2a 6m o

ay —cay =0, 02_0(2) :4a(1—|—m2), A2 =60,

From this system, when ¢ = g—; a? #cta3 a > 0,8 > 0 and the condition

2

oz—|—cg<o%<2a+c(2), (45)
a3
find the modulus of m?2
1 (a?
2 1 2
=—|—= - -1 46
m o (ag Co) (46)
and
A2 _ 2m?a
B

Thus it is true

Theorem 4. Let in the equation (40) a > 0, 8 >, ajas > 0, oz% # c2a3 and
condition (45) is satisfied and the modulus of the function sn&, m? in calculated
by formula (46). Then if the deviations Ti,61,02 are such that < o, 01,02 are
multiples of 4K (m), then equation (40) has solutions of the form

1/ msnxf—t

Note that similar solutions can be obtained using the function c¢né and dné,
and with different moduli.
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